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ABSTRACT

We present connections between the recent literature on multigroup
fairness for prediction algorithms and classical results in compu-
tational complexity. Multiaccurate predictors are correct in expec-
tation on each member of an arbitrary collection of pre-specified
sets. Multicalibrated predictors satisfy a stronger condition: they
are calibrated on each set in the collection.

Multiaccuracy is equivalent to a regularity notion for functions
defined by Trevisan, Tulsiani, and Vadhan (2009). They showed that,
given a class 7 of (possibly simple) functions, an arbitrarily complex
function g can be approximated by a low-complexity function h that
makes a small number of oracle calls to members of ¥, where the
notion of approximation requires that h cannot be distinguished
from g by members of ¥. This complexity-theoretic Regularity
Lemma is known to have implications in different areas, including
in complexity theory, additive number theory, information theory,
graph theory, and cryptography. Starting from the stronger notion
of multicalibration, we obtain stronger and more general versions
of a number of applications of the Regularity Lemma, including the
Hardcore Lemma, the Dense Model Theorem, and the equivalence of
conditional pseudo-min-entropy and unpredictability. For example,
we show that every boolean function (regardless of its hardness)
has a small collection of disjoint hardcore sets, where the sizes of
those hardcore sets are related to how balanced the function is on
corresponding pieces of an efficient partition of the domain.
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1 INTRODUCTION

In this paper, we give novel complexity-theoretic consequences
of recent results in the algorithmic fairness literature regarding
“multicalibration.” Before stating our results we review the concept
of multicalibration as well as the complexity-theoretic Regularity
Lemma that provides the context for our theorems.

1.1 Multicalibration in Algorithmic Fairness

Algorithms increasingly inform decisions that can deeply affect our
lives, from hiring, to healthcare diagnoses, to granting of release
on bail. A major concern that arises in this context is whether or
not prediction algorithms are fair across different subpopulations
and minority groups [4, 42, 34]. Part of the effort within the field
of algorithmic fairness has focused on developing mathematical
frameworks to formally define what it means for an algorithm to
be “fair”. The various definitions that have been proposed in the
literature roughly fall into two main categories: individual fairness
notions [10, 25] and group fairness notions [7, 3].

The multigroup framework was proposed as a way to bridge in-
dividual fairness, which requires similar treatment for individuals
who are similar with respect to a given task, and group fairness,
which requires that (typically disjoint) demographic groups receive
similar treatment on average [23, 31]. The underlying principle is
the following: we want to establish a group fairness notion that
is to be satisfied, simultaneously, for every one of a pre-specified
collection of large, identifiable, subgroups. This versatile framework
allows us to consider the intersection of different subgroups, such
as the intersection of gender, race, and socioeconomic status. Mul-
ticalibration in particular has proven to be a fruitful notion with
wide applications including a new paradigm for loss minimization
in machine learning. See, e.g., [2, 11, 18, 32, 14, 19, 35].

Hébert-Johnson, Kim, Reingold, and Rothblum [23] introduced
the notion of a multicalibrated (MC) predictor, which guarantees cal-
ibrated predictions across every subpopulation from a prespecified
family F of potentially intersecting subsets of X. More formally, let
X be a domain of individuals. Consider a collection # of subpopula-
tions, each described as a boolean indicator function f : X — {0, 1}.
Then, given an arbitrary and unknown function g mapping indi-
viduals in X to [0, 1], and a distribution D on X, we say that a
predictor h : X — [0,1] is a (F, €)-multicalibrated (MC) predictor
of g with respect to D if for all f € ¥ and for all v € image(h):

XNED[f(X) (g(x) = h(x)) | h(x) =0]| < e. (1.1)
Remarkably, Hébert-Johnson et al. proved that “low-complexity”
multicalibrated predictors h exist, provided we slightly relax the
definition to only require (1.1) on level sets h(x) = v that are not too
small. We will state this result in more detail below in Section 1.3,
using a more convenient formulation in terms of partitions of X.
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Multiaccuracy is a relaxation of multicalibration in which the
predictor is merely required to be accurate in expectation on each
f € F [23]. Formally, h is an (7, €)-multiaccurate (MA) predictor
of g with respect to distribution D if for all f € F:

[f(x) - (g(x) —h(x))]| < e (1.2)

E
x~D
1.2 The Complexity-Theoretic Regularity

Lemma

It turns out that the notion of (¥, €)-multiaccuracy is exactly equiv-
alent to the notion of (¥, €)-indistinguishability defined and studied
in 2009 by Trevisan, Tulsiani, and Vadhan [39] in the complexity
theory literature. Specifically, they proved the following abstract,
complexity-theoretic Regularity Lemma.

THEOREM 1.1 (REGULARITY LEMMA [39], INFORMALLY STATED).
For every finite domain X, every function g : X — [0,1], every
distribution D on X, and every € > 0, there exists a functionh : X —
[0, 1] such that:

(1) h has “low complexity” relative to F . Specifically, h can be com-
puted by a boolean circuit that has O(1/€?) oracle gates instan-
tiated with functions from & and has size poly(log |X|,1/€).

(2) h is (¥, €)-indistinguishable from g. That is, for all f € F,
we have:

flx) - (9(x) = h(x)]| < e (1.3)

E [
x~D
Notice that Condition (1.3) is identical to the Definition (1.2) of
multiaccuracy.

Regularity and Complexity. This is referred to as a Regularity
Lemma because it says that an arbitrarily complex function g can be
‘simulated’ by a low-complexity function h, in such a way that the
family ¥ of tests cannot distinguish them. This of a similar spirit to
Szemerédi’s Regularity Lemma [37], whereby an arbitrarily complex
graph is shown to be, in a certain sense, indistinguishable from the
union of a constant number of Erd8s-Rényi bipartite graphs [37].
Indeed, in [39], it is shown that Theorem 1.1 implies the Frieze—
Kannan Weak Regularity Lemma for graphs [13], which is a lower-
complexity variant of Szemerédi’s Regularity Lemma. In a typical
complexity-theoretic application, # consists of Boolean circuits
of some polynomial size in the length n = log|X| of inputs and
€ = 1/poly(n). In this case, the Regularity Lemma says that the
simulator & can also be computed by circuits of size poly(n).

In the fairness literature, as well as in uniform-complexity appli-
cations in complexity and cryptography (cf. [40]), it is important
to consider the complexity of learning such a predictor h given
samples (x, y) where x ~ D and y ~ Bern(g(x)). This may be com-
putationally hard even if g is “easy”; for example, if g is in the class
¥ In this paper, however, we are only concerned with the oracle
complexity of A; i.e.,, the complexity of evaluating h given oracle
gates for functions f € ¥ (which is trivial if g € 7). We remark that
many of the learning algorithms in the fairness literature assume
an agnostic learner for F as an oracle, which also trivializes the
learning task if g € F.

Applications. In addition to the Frieze-Kannan Weak Regularity
Lemma for graphs, Theorem 1.1 can be used to derive several other
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fundamental theorems in various areas of theoretical computer
science. These include Impagliazzo’s Hardcore Lemma [27], the
Dense Model Theorem [22, 38, 36], Yao’s XOR Lemma [39, 17],
the Leakage Simulation Lemma in leakage-resilient cryptography
[30, 6], characterizations of pseudo-entropy [41, 44], chain rules
for computational entropy [15, 30], Chang’s Inequality in Fourier
analysis of boolean functions [29], and equivalences between weak
notions of zero knowledge [8].

Fractional vs. Boolean Functions. Note that we allow all of the
functions f, g, h to be [0, 1]-valued rather than just Boolean. We
think of a [0, 1]-valued function h : X — [0, 1] as representing
the randomized Boolean function AR : X — {0, 1} where for all
x € X we have that Pregingp) [AR(x) = 1] = h(x). Then Equa-
tion (1.3) is essentially equivalent to requiring that the distributions
of (X, gR(X)) and (X, hR(X)), where X ~ D, are computationally
indistinguishable by the family 7, up to an advantage of e.! In the
Regularity Lemma, it does not matter much if we restrict f, g, h to
be deterministic Boolean functions, but for multicalibrated predic-
tors it is crucial that h is fractional (else there could only be two
nonempty level sets, h(x) = 0 and h(x) = 1).

1.3 Multicalibrated Partitions

It will be more convenient for us to work with an equivalent for-
mulation of multicalibration in terms of partitions P C 2X of the
domain X, as was done in [18, 21]. The pieces P € P of the partition
correspond to the level sets A(x) = v in (1.1); furthermore, it can be
shown that we can assume without loss of generality that on piece
P, we can take the value v to be equal to vp = By p|, [9(x)], where
D|p denotes the distribution D conditioned on being in P. In this
language, the Multicalibration Theorem can be stated as follows:

THEOREM 1.2 (MULTICALIBRATION THEOREM [23], INFORMALLY
STATED). Let X be a finite domain, ¥ a class of functions f: X —
[0,1], g: X — [0, 1] an arbitrary function, D a probability distri-
bution over X, and €,y > 0. There exists a partition P of X such
that:

(1) P hask = O(1/e) parts.

(2) P has “low complexity” relative to F. Specifically, there is a
Boolean circuit? C : X — [k] of size poly(1/e,1/y,log|X|)
with O(1/€?) oracle gates instantiated with functions from ¥
such that P = {C~1(1),...,C 1(k)}.

(3) P is (T, €, y)-approximately multicalibrated (MC) for g on
D:that is, forall f € F and all P € P such thatPry.p[x €
P] >y, we have

[f(x)-(g9(x) —op)]| <€ (1.4)

E
x~Dlp
where vp := Ex.p|p[9(x)] and D|p denotes the conditional
distribution Dlp(x)ep-

Note that the pieces P of probability mass smaller than y (for
which (1.4) doesn’t apply), take up at most a y - k = O(y/e) fraction
of D, which can be made arbitrarily small by taking y < e.

!This equivalence holds up to a small modification to the family 7, in particular to
account from changing the domain of the functions from X to X x {0, 1}.

That is, C is a circuit with Boolean gates of fan-in at most 2 that has [log | X|] input
gates and [log k| output gates.
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On each piece P of probability mass at least y, (1.4) says that g is
indistinguishable from the constant function vp., i.e. the function
hp : P — [0,1] where for all x € P, hp(x) = vp. Viewing hp as
representing a randomized function hf;, we have h% (x) ~ Bern(ovp)
for all x € P, where Bern(v) is the Bernoulli distribution with
expectation v. The key point is that the Bernoulli parameter v is
the same value (namely vp) for all x € P. Thus we informally refer
to hp and hg as a constant-Bernoulli function. As we will see in the
proofs of our results, indistinguishability from a constant-Bernoulli
function is a very powerful condition, and this is why we are able
to get so much mileage out of the MC Theorem.

1.4 Our Contributions

Although the Multicalibration Theorem (Theorem 1.2) was intro-
duced for the purpose of algorithmic fairness, we now see that it
can be viewed as a strengthening of the complexity-theoretic Regu-
larity Lemma (Theorem 1.1). Thus, in our work, we examine the
complexity-theoretic implications of the MC Theorem. Doing so,
we obtain stronger and more general versions of (1) Impagliazzo’s
Hardcore Lemma (IHCL), (2) Characterizations of pseudo-average-
min-entropy (PAME), and (3) the Dense Model Theorem (DMT).
In concurrent work to ours, Dwork, Lee, Lin, and Tankala [12] ex-
plore an intermediate notion of graph regularity that corresponds
to multicalibration and lies between Frieze-Kannan weak regular-
ity and Szemerédi Regularity, and show that Szemerédi Regularity
corresponds to a stronger notion called strict multicalibration.

We elaborate on our results below, denoting the strengthened
theorems as IHCL++, PAME++, and DMT++. For simplicity, here
we will state some of the results for the special case where the
initial distribution D on inputs is the uniform distribution on X
and the functions g and f € ¥ are deterministic boolean functions;
generalizations to arbitrary distributions and fractional/randomized
functions can be found in the later technical sections.

Impagliazzo’s Hardcore Lemma (IHCL) and IHCL++. Impagli-
azzo’s Hardcore Lemma (IHCL) [27] is a fundamental result in
complexity theory stating that if a function g is somewhat hard to
compute on average by a family # of boolean functions, then there
is a large-enough subset H of the inputs (called the “hardcore set”)
for which the function is very hard to compute, in the sense that
g is indistinguishable from a random function by a family ¥ of
distinguishers of complexity similar to that of #. A stronger, and
optimal, version was obtained by Holenstein [24]:

TueoreMm 1.3 (IHCL [27, 24], INFORMALLY STATED). Let F be a
family of boolean functions on X, € > 0, andg : X — {0,1} a
function that is (', §)-hard, meaning that Pr[f(x) # g(x)] > & for
all functions f that have “low complexity” relative to .3 Then there
exists a set H C X of size at least 26|X| such that g is (F,1/2 — €)-
hard on H.

In [39], it was shown that the Regularity Lemma implies IHCL,
but with a hardcore density of § (as in [27]), instead of the optimal
26 from [24]. (26 is optimal because erring with probability 1/2 on
a set of density 24 yields a global error probability of §.)

Using the Multicalibration Theorem, we prove:

3Specifically, take F to consist of all functions computable by a boolean circuit of
size poly(1/€,1/8,log | X|) with oracle gates instantiated by functions from 7.
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THEOREM 1.4 (IHCL++, INFORMAL VERSION). Letg: X — {0,1}
be an arbitrary function, ¥ a family of boolean functions, and € > 0.
There exists partition P of X that has “low complexity” relative to F
such that for every (large enough) P € P, there is a set Hp C P of
size at least 2bp|P| such that g is (¥, 1/2 — ep)-hard on Hp, where
bp = min{Ex-p[g(x)].1 - Ex-p[g(x)]} and ep = €/bp.

That is, instead of finding a single, globally dense hardcore set
H, we find many “local” hardcore sets Hp, each of which is dense
within its piece P of the partition. We illustrate the key differences
between IHCL and IHCL++ in Figure 1.

Here (and in our other results), the “low complexity” of the
partition £ is formulated in the same way as in the MC Theorem
(Theorem 1.2). Naturally we prove Theorem 1.4 by applying the
MC Theorem to the function g; see Section 1.6 for more on our
proof techniques.

The balance parameter bp provides the moral equivalent of the
hardness parameter ¢ in IHCL (since we make no hardness assump-
tions). We further show that our IHCL++ implies the original ITHCL
theorem with optimal density parameter 28. To do so, we observe
that when we bring back the assumption that g is (¥”, §)-hard, then
Ep[bp] > 6, where the expectation is taken over sampling piece P
with probability |P|/|X|. That is, if g is §-hard, then g is not too im-
balanced on average over the pieces of the partition. Otherwise, we
would be able to predict g(x) well on average by determining which
piece P € P contains x (because P has low complexity relative to
) and then guessing the majority value on the piece P (which we
can hardwire into our Boolean circuit for each of the k = O(1/¢)
pieces). We are then able to “glue” together the hardcore sets Hp
for the pieces P € P, yielding a hardcore set H C X that occupies
at least a 26 fraction of the domain X. (Actually we get a hardcore
distribution of density at least 28, but this can be converted to a
hardcore set by a standard probabilistic argument [27].)

A partition-based variant of the IHCL was previously formulated
and proved in the work of Reingold, Trevisan, Tulsiani, and Vad-
han [36]. Their result is similar in spirit to IHCL++, but with two
important differences. First, their partition has complexity expo-
nential in 1/€, in contrast to the polynomial complexity we obtain
through the MC Theorem. The exponential complexity severely
limits the complexity-theoretic applicability of their result. Second,
they maintain the original assumption of IHCL that the function g is
weakly hard on average, whereas in our IHCL++ we remove it and
find local hardcore sets Hp for an arbitrary function g. However,
their proof can be modified to also remove the hardness assumption
and yield a similar conclusion to ours. Indeed, their proof, which
proceeds by iteratively partitioning the domain, can be viewed in
retrospect as constructing an MC partition with exponential com-
plexity. At the time, exponential complexity seemed inherent in
such iterative partitioning proofs [36, 39]. In this light, the power
of the MC Theorem and successors [23, 18, 21] is that they give
us the same kind of indistinguishability as provided by iterative
partitioning but with polynomial complexity. Intuitively, the sav-
ings in complexity comes from using merging steps in addition to
partitioning ones to avoid making too many, too small pieces.

Characterizations of pseudo-average min-entropy (PAME).
A result of Vadhan and Zheng shows that we can characterize
pseudoentropy, which is a computational analogue of Shannon
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Assumption: g is §-hard

|

No assumption
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g is very hard to
approximate in H

g is very hard to
approximate in each H;
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If g is 5-hard |

!

Ep-plbp] 2 8

H is 26-dense

Figure 1: Illustration of the difference between IHCL and IHCL++, and how to recover IHCL from our ICHL++.

entropy, in terms of hardness of sampling [41].% In [44], they also
provide a characterization for the related notion of pseudo-average
min-entopy (PAME), which is the computational analogue of average
min-entropy [9].°

Informally, for a joint distribution (X, B) and a class of distin-
guishers ¥, B has (F, €)-PAME at least k given X if there exists
a random variable C jointly distributed with X such that 1) the
distributions (X, B) and (X, C) are (¥, €)-indistinguishable, and 2)
C|X has average min-entropy at least k. The PAME Theorem of
Vadhan and Zheng shows that the PAME of B given X is precisely
characterized by the hardness of predicting B given X:

THEOREM 1.5 (PAME [41, 44], INFORMALLY STATED). Let ¥ be
a family of boolean functions on X = {0,1}" x {0,1}¢, € > 0, and
let (X, B) be a joint distribution over {0,1}" x {0,1}¢, where £ =
O(log n). Suppose that B is (¥, §)-hard to predict from X, meaning
that Pr[f(X) # B] = & for all functions f : {0,1}"* — {0, 1} that
have “low complexity” relative to . Then B has (F, €)-PAME at least
log(1/(1 - &)) given X.

The reason for the setting £ = O(logn) in Theorem 1.5 is that
the “low complexity” parameter for #” includes a factor of 2°.

Like the MC Theorem and IHCL++, our PAME++ will involve
partitions. For P C X, let (Xp, Bp) denote (X, B) conditioned on
X € P, and denote the min-entropy of a random variable B by
Heo (B) = miny, log(1/Pr[B = b)), where all logarithms in our paper
are base 2 unless otherwise specified.

THEOREM 1.6 (PAME++, INFORMALLY STATED). Let (X, B) be a
joint distribution over {0,1}" x {0,1}¢, where B = g(X) and ¢ =
O(loglogn), € > 0, and let ¥ be a family of boolean functions on
{0,1}" x {0, 1}. There exists a partition P of X = {0,1}" that has
“low complexity” relative to F such that Bp has (F, €)-PAME at least
Heo (Bp) given Xp for every (large enough) P € P.

That is, on each (large-enough) piece P of the partition £, the
PAME of B|p given X|p is the same as the min-entropy of B|p
4Vadhan and Zheng prove their results for both uniform and non-uniform families of

distinguishers. We focus on the non-uniform case.
SFor a joint distribution (X, C), the average min-entropy of C given X is defined as

Heo (C|X) =log (l/Ex~X [Z’H“’(C'X:x) ]) , where all logarithms in the paper are

taken base 2 unless otherwise specified.
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without conditioning. That is, (X|p, B|p) is indistinguishable from
having as much average-min-entropy as it would if X|p and B|p
were independent.

To prove this theorem, we apply a Multiclass Multicalibration
Theorem from the literature [18, 20, 12] to the randomized function
gR (x) ~ Blx=x- These theorems incur a doubly-exponential depen-
dence on £ in the complexity of the partition (recall that ¢ is the log-
arithm of the size of the output set), which is why our PAME++ The-
orem restricts to £ = O(loglog n) instead of the £ = O(log n) in the
original PAME Theorem. Note that Heo (Bp) = log(1/mp), where
mp = maxye (q,1)¢ Pr[Bp = y] provides a multiclass generalization
of our previous notion of balance bp. (Specifically, mp = 1 — bp
when £ =1.)

As in the case of IHCL++, the more balanced gison a cell P €
P, the better the corresponding PAME lower bound. Also as in
the case of IHCL++, we are able to recover the original PAME
statement (in the case that £ = O(loglogn)) from our PAME++
theorem. Specifically, when we bring back the assumption that
g is 8-hard to predict, we have that Ep[mp] < 1 — §, where P
is sampled according to its mass under X. Again, we are able to
“glue” together the distributions Cp of high average min-entropy
(which are indistinguishable from Bp) for all the pieces P € # that
have enough mass according to the distribution X and on which
g is balanced enough. This yields a conditional distribution C|X
over {0, 1}’ that has PAME at least log(1/(1 — §)). We remark that
Vadhan and Zheng [41] also formulate and prove an analogue of
the PAME Theorem for distinguishers and predictors f that are
given by uniform probabilistic algorithms. Our results only apply
to the nonuniform case (e.g., Boolean circuits); a uniform treatment
of multicalibration is an interesting problem for future work.

The Dense Model Theorem (DMT). This result originated from
additive number theory [22, 38] and states that if R is a pseudo-
random set, whereby we mean that the uniform distribution on
R is indistinguishable from the uniform distribution on the entire
domain X by some family of tests, and S is a dense subset of R, then
there exists a truly dense set M C X (called the model for S) that is
indistinguishable from S by a related family of tests. The DMT was
a crucial proof component used in Green and Tao’s celebrated result
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that there exist arbitrarily long arithmetic progressions among the
prime numbers [22].

A more general, complexity-theoretic version of the Dense Model
Theorem was given by Reingold, Trevisan, Tulsiani, and Vadhan [36].
Following Impagliazzo [28, 26], the idea of a dense subset S of pseu-
dorandom set R can be generalized to that of a pseudodense set S,
which is defined in the theorem statement below.

TuEOREM 1.7 (DMT [22, 38, 36, 28, 26], INFORMALLY STATED). Let
F be a family of boolean functions on domain X. For every e, § > 0,
let S € X be (', €, 6)-pseudodense, meaning that Pryc x [f(x) =
1] = § - Pryes[f(x) = 1] — €, for all functions f of “low complexity”
relative to . Then there exists a set M of density |[M|/|X| = § —O(e)
such that the uniform distribution on M is (¥, €/ ) -indistinguishable
from the uniform distribution on S.

Using the MC Theorem, we instead obtain the following:

THEOREM 1.8 (DMT++, INFORMALLY STATED). Let S,V be two
disjoint sets, let & be a family of boolean functions on S UV, and
let € > 0. There exists a “low-complexity” partition P of SUV such
that for every (large enough) P, the uniform distribution over PNV is
(F, ep)-indistinguishable from P N S, for an appropriate choice of ep.

To see the connection between this statement and the original
DMT, think of V as a disjoint copy of the entire domain X that S
lives in. Then we think of P NV as a model for P N S, one that has
true density [P NV|/|V|.If we bring back the assumption that S is §-
pseudodense, then we can take an appropriate convex combination
of the models PNV to obtain a distribution that is truly §-dense in X
and is indistinguishable from S. Specifically, our model distribution
will select P with probability |[PNS|/|S| and then return a uniformly
random element of P N V. As usual, we will only use the pieces P
that are both large enough and not too imbalanced; i.e., ones where
neither |P N S|/|S| nor |P N V|/|V] is too small. We remark that,
given a dense model distribution, it is possible to obtain a dense set
as in Theorem 1.7 by a standard probabilistic argument, similarly
to the IHCL [27].

To prove Theorem 1.8, we apply the Multicalibration Theorem
to characteristic function of the set S on the distribution that selects
a uniformly random element of S with probability 1/2 and selects a
uniformly random element of V with probability 1/2.

1.5 Common Themes

There are several common themes that recur across all of our ++
theorems.

Reproducing the original theorems locally. Because multicalibra-
tion yields a low-complexity partition of the domain, all of our
stronger and more general ++ theorems find a low-complexity par-
tition of the domain such that the original theorem is reproduced
“locally” in each of the pieces of the partition simultaneously. In
the case of IHCL, we find a hardcore set within each piece of the
partition. In the case of PAME, we construct a distribution within
in each piece of the partition. For the DMT, we construct a model
within each piece of the partition.

Our theorems remove the original assumptions. All of the IHCL,
PAME, and DMT theorems assume some kind of computational
hardness in their hypotheses: In IHCL, the function g is assumed to
be weakly hard on average. In the case of PAME, B is assumed to be
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unpredictable given X. In the case of the DMT, the set S is assumed
to be pseudodense in X. In all of the three original theorems, given
the hardness assumption, an object is then constructed achieving:
1) A stronger hardness condition, and 2) Some density guarantee.

In the case of IHCL (Theorem 1.3), the original theorem finds a
subset H of the domain such that 1) the input function is maximally
unpredictable inside H, and 2) H occupies at least a certain fraction
of the domain. For PAME (Theorem 1.5), the original theorem builds
a conditional distribution C|X that is 1) indistinguishable from
the input distribution, and 2) that has at least some amount of
average min-entropy. For the DMT (Theorem 1.7), the original
theorem constructs a set that is 1) indistinguishable from uniform
distribution on the pseudodense set S and 2) satisfies a lower bound
on its density.

When we use the Multicalibration theorem instead of the Reg-
ularity/Multiaccuracy theorem, we find that we can maintain 1)
the strong hardness conclusion in each piece of the partition, but
without requiring the hardness assumption in the hypotheses, and
so our stronger theorems hold for an arbitrary function (in the
case of IHCL++), an arbitrary conditional distribution (in the case
of PAME++), and an arbitrary set (in the case of DMT++). That
is, we show that every input object admits a certain regular parti-
tion/decomposition, where this “regularity” captures the required
hardness/unpredictability/indistinguishability in the sense of the
original theorems.

Hardness vs Density. In the original theorems, the density lower
bounds depend on a parameter that is given by the hardness as-
sumption. For example, in the case of IHCL and PAME, the input
function/distribution is assumed to be §-hard for some &, and then
the hardcore set given by IHCL is shown to have density at least 26
and the indistinguishable distribution given by PAME is shown to
have average min-entropy at least log(1/(1—9)). In DMT, the input
set S is assumed to be §-pseudodense, and the conclusion gives a
model of true density at least §. Given that our ++ theorems re-
move the hardness assumption, we no longer have such a hardness
parameter. Instead, the density lower bounds that we show in our
stronger ++ theorems relate to how balanced our function/object
is on each piece of the partition.

Recovering the original theorems. Moreover, our ++ theorems are
also stronger than the original ones because we are able to derive
the original theorems as a corollary of our new results. Indeed,
we show that if we bring back the assumption from the original
theorems, we can “stitch” together the objects that we have built
within each piece P in our ++ theorems (i.e., hardcore sets in the
case of IHCL++, high-entropy distributions in the case of PAME++,
and dense models in the case of DMT++) so that the resulting object
satisfies the conclusion of the original theorems. We are able to
lower-bound the weighted average of the balance parameters in
terms of the hardness parameter from our assumption, crucially
using the fact that the partition is of low complexity.

These themes are summarized in Table 1.

1.6 Proof Techniques

As discussed in Section 1.3, the power of the Multicalibration The-
orem (Theorem 1.2) is that it partitions the domain X into pieces
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Table 1: Summary of how the results in this paper generalize the original IHCL, PAME, and DMT theorems. The notation Us
denotes the uniform distribution over the set S, and ~ () denotes (F, ¢)-indistinguishability.

IHCL |  IHCL++ PAME | PAME++ DMT | DMT+
Input object Function f Joint distribution (X, B) Sets S,V
Assumption fis -~ Bis -~ Sis (F7,€,6)- -~
on the input | (¥,5)-hard (77, 5)-hard pseudodense
given X
3 low-complexi
Indist. 3 hardcore ow-complexity Jdist. Cs.t. 3 0(1/e) dists. Cp s.t. Jset M s.t. 30(1/e) sets
guarantee setH | partitionw/ O(/e) | (x o) (X.B) | (XpBe) ~) XeiCr) | Unt x(ress) Us | Sp Vst
hardcore sets Hp Usp ~(F.ep) Uvp
Density Heo (CIX) B ‘
guarantee | [HI/IX| 225 | |Hpl/IX| 2 2bp > log(1/(1 - 8)) | Heo(CpIXp) 2 H(Bp) | IM|/IX]| 2 6 - O(e) [POVI/IV]
Recovery — Recovers IHCL — Recovers PAME — Recovers DMT

P such that on each piece, g is indistinguishable from a constant-
Bernoulli function. This is a powerful condition, as we see through
the following lemma.

LEMMA 1.9 (CHARACTERIZING INDISTINGUISHABILITY FROM CON-
STANT-BERNOULLI FUNCTIONS, INFORMALLY STATED). Let ¥ be a
family of boolean functions on X, and let e > 0. Suppose thatg : X —
{0,1} is (F, €)-indistinguishable from a constant-Bernoulli function
with expectation v = Byex[9(x)] and balance b = min{v, 1 — v}.
Then, each of the following hold up to small changes in the family ¥
and/or the parameter € (denoted as ' and €’ ):

(1) There is a set H of density 2b in X such that g is (F/,1/2 —
€’ /b)-hard on H.

(2) The distribution (X, g(X)) is (¥, €)-indistinguishable from
the distribution (X, Bern(v)), where X is sampled uniformly
from X.

(3) Theuniform distributionsong=1(1) andg~1(0) are (F”, €’ /b)-
indistinguishable from each other.

The three parts of the lemma are what we use in the proofs of
the IHCL++, PAME++, and IHCL++, respectively. Indeed, H is our
local hardcore set, Bern(v) is our local distribution of high average
min-entropy, and g~ (0) is our local dense model of g=1(1).

2 NOTATION AND PRELIMINARIES

We denote the domain by X, the class of distinguishers by ¥ = {f},
the function to which we apply the multicalibration theorem by
g, and the MA/MC predictor by h. We use # = {P} C 2% to
denote a partition of the domain. The notation Pryc y means that
x is sampled uniformly from X, whereas x ~ O denotes that x is
sampled according to distribution D. We denote the constant 0 and
1 functions by 0 and 1, respectively. We say that a class of functions
¥ is closed under negation if for all f € ¥, the function —f is also
in ¥. All the logarithms in this paper are assumed to be in base 2.

Following the intuition that we provided in the introduction, the
formal definition of multiaccuracy is as follows:

Definition 2.1 (Multiaccuracy [23, 33]). Let X be a finite domain,
¥ a collection of functions f: X — [0,1], g: X — [0,1] an arbi-
trary function, D a probability distribution over X, and € > 0. We
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say that h: X — [0, 1] is an (F, €)-multiaccurate (MA) predictor
forgon D if, forall f € F,

) [f(x) - (9(x) = h(x))]| < e.

We think of a [0, 1]-valued function f as describing a randomized
{0, 1}-valued function fR where Preoins(fR) [FRx) = 1] = f(x).
Then,

f(x) - (g(x) = h(x))]
[FR) - (R (x) = BR(x))].

E [
x~D
= E
x~D, coins(fR),
coins(gR), coins (AR)

Therefore, the notion of multiaccuracy applies to the randomized
functions as well.

The starting point of this work is the observation that multiac-
curacy corresponds exactly to the classical notion of indistinguisha-
bility with respect to a class of functions:

Definition 2.2 ((¥, €)-indistinguishability [39]). Let X be a finite
domain, ¥ a class of functions f: X — {0,1},g: X — [0,1], D a
distribution on X and € > 0. We say that a function h: X — [0, 1]
is (F, €)-indistinguishable from g on D if, for all f € F,

XLED[f(X) “(9(x) —h(x))]| < e

Multicalibration is a stronger notion than multiaccuracy, where
the predictor h satisfies that Eser Dy (x)20 [f(x) - (9(x) —0)] <€
for every v € range(h) and every f € F [23], where Dlp(x)=
denotes the conditional distribution. Thus the level sets of h induce
a partition P of the domain, and the value of h in each piece P €
can be made to be equal to the expected value of g over P, which
we denote by vp:

Definition 2.3 (Balance of g). Given an arbitrary functiong : X —
[0,1] and a partition P = {P} of X, we let vp = Ex.p|, [9(x)] for
each P € P and bp = min{up, 1 — vp} < 1/2, where D|p denotes
the conditional distribution D|(x)cp We call bp the balance of g
on P.
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In particular, bp = 1/2 corresponds to gR being perfectly bal-
anced; i.e.,

R R
Lol =1l= Prolgi(0) =01 =1/2,
coins(gR) coins(gR)
whereas bp = 0 corresponds to g being completely imbalanced; i.e.,
gR(x) is always 0 or 1.

Moreover, as explained in the introduction, we need to relax
the notion of multicalibration to approximate multicalibration by
introducing a lower bound y on the size of each P €  (according
to distribution D). This yields the definition of an approximate MC
partition:

Definition 2.4 (Approximate MC partition). Let X be a finite
domain, ¥ a class of functions f: X — [0,1], g: X — [0,1]
an arbitrary function, D a probability distribution over X, and
€,y > 0. We say that a partition P of X is (F, €, y)-approximately
multicalibrated (MC) for g on D if for all f € ¥ and all P € P such
that Pry_p[x € P] >y,

E
x~Dl|p

[f(x) - (g9(x) —ovp)]| <€

where vp = Eyx.p|, P[g(x)] and D|p denotes the conditional
distribution D|p(x)ep-

Note that achieving Definition 2.4 is trivial if we allow O(1/y)
pieces P. We will want to achieve a partition that is much smaller;
the goal is to satisfy approximate multcalibration with only O(1/¢)
pieces, where € > y. This turns out to be possible, as demonstrated
by Theorem 2.10.

In the case where D corresponds to the uniform distribution over
X, thenPr,_qp[x € P] = |P|/|X]|. That is, in this case, Definition 2.4
should be understood as saying that we do not make any guarantees
about sets that are too small (namely, about sets that occupy less
than a y fraction of the space). Additionally, in order to keep track
of the impact of the size of each P € P, we introduce the following
notation:

Definition 2.5. Given P C X, we let np = Pry_p[x € P] denote
the size parameter of P in X. If D corresponds to the uniform
distribution over X, then np := |P|/|X]|.

Definition 2.6. Given a partition P of X and a distribution D over
X, P(D) denotes the distribution on P that selects each P € P
with probability Y. ecp D(x).

Next, we study the notion of complexity of a partition. We use
the number of wires of a circuit as the circuit size measure.

Complexity of a partition. As we developed in the introduc-
tion, a key property of a multicalibrated partition is that it is a
low-complexity partition of the domain X. We now formalize this
idea.

Definition 2.7 (Relative complexity of a function [30, Definition
6]). Let ¥ be a family of functions f: X — [0, 1]. A function h has
complexity (t,q) relative to ¥ if it can be computed by an oracle-
aided circuit of size ¢t with q oracle gates, where each oracle gate is
instantiated with a function from ¥.

The notion of relative complexity captures the idea that we can
make oracle calls to the functions in # without these factoring into
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the complexity. The algorithms to construct MA and MC predictors
h use an oracle for a weak agnostic learner for the family 7 [39, 23,
18, 16]. In such a case, the parameter g corresponds to the number
of oracle calls to the weak agnostic learner q.

Definition 2.8. Given an arbitrary class of functions 7, we denote
by %4 the class of functions that have complexity at most (t,q)
relative to F.

Definition 2.9. Given aset of functions ¥ = {f} on a finite domain
X, %1 4,k denotes the class of partitions * of X such that there exists

feFrg f:X — [k], satisfying P = {f1(1),..., F1(k)}.

The condition P; = f~1(i) stated in Definition 2.9 ensures that
we can always know to which level set each x € X belongs to by
performing an oracle call to a function in #; 4. Intuitively, we are
associating each P € P with an integer in [k], and then Defini-
tion 2.9 requires the existence of a function in F; 4 that we use to
query to which P each x € X belongs to. We call this function f
the partition membership function. Naturally, this f is constant on
each P € P.

Having formalized the complexity class #; g . of partitions, we
can now state the theorem that is the backbone of all our results in
this paper:

THEOREM 2.10 (MULTICALIBRATION THEOREM [23]). Let X be a
finite domain, ¥ a class of functions f: X — [0,1],g: X — [0,1] an
arbitrary function, D a probability distribution over X, and e,y > 0.
There exists an (T, €, y) -approximately multicalibrated partition P
of X forg on D such that P € F g k., where

1. t = 0(1/(e*y) -log(|X|/e)),
2. ¢ =0(1/€?),
3. k=0(1/e).

We defer the proof of Theorem 2.10 to the full version of the
paper.

2.1 Hardness and Indistinguishability Notions

One of the contributions of our paper is to provide a complexity-
theoretic perspective on the power of a multicalibrated partition.
Indeed, as we developed in the introduction, given the definition of
(F, €)-indistinguishability, the MC partition theorem is equivalent
to stating that, given an arbitrary function g, we can find a low-
complexity partition of the domain such that g is indistinguishable
from the constant function vp on each piece P of the partition.

In order to illustrate why this is a powerful statement, in this
section we relate indistinguishability from a constant function to
Yao’s lemma on the equivalence between pseudorandomness and
unpredictability [43]. To do so, we formally define what it means
for a function to be hard with respect to a class of functions F:

Definition 2.11 (Hardness of a function). Given a class ¥ of ran-
domized functions f: X — {0, 1}[, a distribution D on X, an
arbitrary randomized function g: X — {0,1}¢, and § > 0, we say
that g is (7, 8)-hard on D if, for all f € F,

x"‘D,E)(fins(f) [f(x) = g(x)] <1- 5.

coins(g)
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Note that here we consider randomized functions with discrete
range rather than deterministic functions with range [0, 1]. When
¢ = 1, the maximal possible hardness occurs when § = 1/2 — ¢,
given that being (F, 1/2 — €)-hard corresponds to stating that

e =g < 172+
coins(g)

That is, no distinguisher in F can guess g noticeably better than a
random bit. This is why we sometimes refer to being (¥, 1/2 — €)-
hard as being e-strongly hard, whereas being (¥, §)-hard is some-
times referred to as being §-weakly hard. In the case of Impagli-
azzo’s Hardcore Lemma, the task is precisely to find a subset H of
the domain on which g is (¥, 1/2 — €)-hard, and hence maximally
unpredictable.

Yao first showed a relationship between pseudorandomness
(i.e., indistinguishability from a constant 1/2 function A, for which
Proins(h) [AR(x) = 1] = Preins(iy [FR (x) = 0] = 1/2) and unpre-
dictability:

LEMMA 2.12 (EQUIVALENCE BETWEEN INDISTINGUISHABILITY AND
PSEUDORANDOMNESS [43]). Given a class of functions ¥, a distri-
bution D on X and € > 0, a functiong : X — [0,1] such that
Ex~plg9(x) = 1/2] is (F, €)-indistinguishable on D from the con-
stant 1/2 function if and only ing is (FR 1/2 — 2€)-hard.

In other words, stating that g is strongly hard corresponds exactly
to stating that g is indistinguishable from a uniform random bit.
Lemma 2.12 follows from the identity

P R0 =gt 0l =2 B [(F0)-1/2)(9()-1/2)]+1/2.

coins(fR),
coins(gR)
(2.1)
Next, we relate Yao’s Lemma to the MC Theorem. For it, we
need to introduce the definition of the density of a distribution and
extend the notion of (¥, €)-indistinguishability to distributions:

Definition 2.13 (J-dense distribution). A distribution A is -dense
in a distribution B if for all x € X,

d-Pr[A=x] <Pr[B=x].

If B is the uniform distribution on X, then this becomes Pr[A =
x] < 1/(8]X]); i-e., a condition that is satisfied by the uniform
distribution on any set of size at least §|X]|.

Definition 2.14 (Indistinguishable distributions). Given a class
of functions f: X — [0, 1] and two distributions D1, Dy on X, we
say that D1 and D, are (F, €)-indistinguishable if, for all f € 7,

E [f(x)] [f)]| e

- E
x~Dq x~Ds,

2.2 Characterizations of Constant-Bernoulli

Functions

While Yao’s lemma characterizes indistinguishability from the con-
stant 1/2 function, in a multicalibrated partition (Definition 2.4)
we have indistinguishability from the constant vp = Ex. 9|, [9(x)]
function on each piece P, where vp can take any value in [0, 1].
Thus we seek to characterize functions g : X — [0, 1] that are
indistinguishable from constant functions h : X — [0,1] (i.e.,
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there is a v € [0, 1] such that h(x) = o for all x € X). Note that
such an h represents a randomized function AR such that AR (x)
is identically distributed to Bern(v) for all x € X, which we refer
to as a constant-Bernoulli function. If g is (¥, €) indistinguishable
from a constant-Bernoulli function h(x) = o on distribution D
and F contains the constant 1 function, then we can assume that
v = Eyx~p[g(x)] with a factor 2 change in €. Thus we state the fol-
lowing lemma with this assumption, which is anyhow guaranteed
to us by the MC Theorem as formulated in Theorem 2.10.

LEMMA 2.15 (CHARACTERIZING INDISTINGUISHABILITY FROM CON-
STANT-BERNOULLI FUNCTIONS). Let ¥ be a class of functions f :
X — [0,1] closed under negation and such that 0,1 € ¥, let D be a
distribution over the domain X, and lete > 0. Let g : X — [0,1] be
(F, €)-indistinguishable from the constant function v on D, where
0 = Bx~plg(x)] and b = min{ov, 1 — v}. Then, the following state-
ments hold:

(1) The distribution (X, gR (X)) is (77, €)-indistinguishable from
the distribution (X, Bern(v)), where X ~ D and ¥’ is any class such

that 74, o1y € F-

(2) The function g} is (FR, b — 2¢)-hard on D.

(3) The distribution D] ()1 is (7, ﬁ)—indistinguishable
from D|r ()= for any class F such that ¥, C F, wherec
is a universal constant.

(4) Assuming g is Boolean (i.e., g(x) € {0,1} for all x € X), there
exists a distribution of density 2b in D such that g is (FX,1/2 -
)-hard on it.

og|X|,c

€
20(1-0)

Why Lemma 2.15 is central to our ++ theorems. As we mentioned
in the introduction, we prove our ++ theorems as consequences of
Lemma 2.15. First, Lemma 2.15 is applicable to our setting because
of our complexity-theoretic recasting of the definition of a multi-
calibrated partition. Namely, a multicalibrated partition # = {P}
for g, F, D, e > 0 is such that for each (large enough) P € P, the
function g is (¥, €)-indistinguishable from the constant function
v =Eyp[g(x)]. Hence, each such piece P € P satisfies the assump-
tion of Lemma 2.15. We then use the statements of Lemma 2.15 as
follows:

(1) The proof of IHCL++ follows from statement (2.15). Essen-
tially, the distribution given by statement (2.15) corresponds to a
“small” hardcore set contained within each piece of P.

(2) The proof of PAME++ follows from statement (2.15). Roughly,
when showing the existence of a distribution that has high average
min-entropy and that is indistinguishable from B|p (as required
by the definition of PAME), we use a Bernoulli distribution with
parameter vp.

(3) The proof of DMT++ follows from statement (2.15). While
there is no function g in the statement of the DMT, we define g
precisely as the characteristic function of the set S. Then, the fact
that D|-1(g) and D|y-1(y) are indistinguishable allows us to argue
that the sets S N P and U N P are indistinguishable with respect to
¥, which in turn shows that U N P is a model for the corresponding
setSNP.

Proor oF LEMMA 2.15. (1.) Given a class of functions ¥/ = {f” :
X x{0,1} — [0,1]}, we construct a class of functions ¥/ =
{f"”” : X — [0,1]} as follows. For each f’ € F’, we add the
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function f”'(x) = f’(x,1) — f’(x,0) and its negation to ¥"’. Note
that ¥/ € F/, . € F. Then,

cn,c =
E  [f(xg"®) - f(xb)] =
x~D,

b~Bern(v),

coins(gR)

= ED[g(X)f'(x, D+ (1=g))f (x,0) —of " (x,1) = (1= 0) f'(x,0)]
X~
= E [f"(x)(g(x) - o).
x~D
(2.) Assume without loss of generality that b = v < 1/2; oth-
erwise, we can replace f and g by —f and —g respectively in the
argument below. Then,
Pro A0 =¢"®]=

x~D, coins(f}),
coins(gR)

= XNUED [f(x)g(x) + (1 = f(x))(1 - g(x))]
= ED[(Zf(X) —D(gx) —0)+1-v-(1-20)f(x)] S 1-0+2

given thato < 1/2 implies (1-20) f(x) > 0 and that, by assumption,

|E[f(x) - (9(x) ~0)][ < e
(3.) By the assumption on g, it follows that

| B [0 -0l[=| B @G -0 =

x~1,

coins( gR)

e RS N V1O RYCIY) R CIr - B T OO0 |
xNDlgR(X):l’ x~DIgR<X):0,
coins(g®) coins(g®)
—o-(-0| B @I- B @] <e
X~D| R (x)=1> X~ DGR (x)=0
coins(gR) coins(g?)

Therefore, the distributions D|gr (x)=; and D|r () are (F. ﬁ)-
indistinguishable.

(4.) In light of Yao’s Lemma, the idea for showing this implication
is to define a probability distribution y such that Ex~,[g(x)] = 1/2.
That is, given that g has expected value v when sampling according
to distribution D, we want to “shift” v back to 1/2 when sampling
according to distribution p. Intuitively, if v > 1/2, then we should
add more weight to the points x in the domain such that g(x) = 0,
and viceversa if v < 1/2.

We can do this boosting of the minority values by defining p as
follows:

2—10 - D(x) if g(x) =1,

p(x) = .
2(1-0)
It is direct to check that this is indeed a probability distribution.
Next, we show that the expected value of g when sampling accord-
ing to p is indeed 1/2. Let G® = {x e X | g(x) =0} and G! = {x €
X | g(x) = 1}. Then, given that Ep[g(x)] = X eqt D(x) =, it
follows that

Bl =Y u g = Y px =5 D) D=1/

xeX x€G! x€G!

-D(x) ifg(x)=0.
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Next, we show that p has density 2b in D. This follows directly
by our construction of y, the definition of density for distributions
(Definition 2.13) and the definition of b as b = min{o,1 — v}: If
x € g~1(1), then 2b - p(x) < D(x) because pu(x) = % - D(x)
and b < 0. If x € g71(0), then 2b - u(x) < D(x) as well because
u(x) = 2(1+U)~Z)(x) andb < 1-vo.

Lastly, we show that g is (¥, 1/2 — €’/2)-hard on p, where €’ =
€/(v- (1 —v)). By statement 2.15, we know that the distributions
D|gt and Do are (F, €’)-indistinguishable. Let yiy correspond to
the restriction of i on the domain G°, and let y; correspond to the
restriction of i1 on the domain G1. By the definition of y, it follows
that

Pr [f(x)=9(x)]=

x~p,coins(fR),

coins(gR)
1 1
=5 o5, U0 =iy B U=
coins(fR) coins(f?)
Ll (B U@I- B rm)) <2+ S
T2 2 X~ X~ -2 2’

and hence g is (FR 1/2 - €’ /2)-hard on 1, as we wanted to show.
We remark that statement (2.15) need not be restricted to boolean
functions; in the case of a non-boolean function g we can show it
using joint distributions instead. However, the boolean case suffices
for our applications of statement (2.15) in this paper. O

Remark 2.16. By the definition of b, it follows that b/2 < v(1 -
v) < b. Therefore, statement (2.15) in Lemma 2.15 implies that g is
(FR 1/2 - €/b)-hard.

Indistinguishability from a constant-Bernoulli function
is stronger than average-case hardness. Lemma 2.15 states uni-
directional relationships, namely that statements (2.15)-(2.15) are
implied by g being indistinguishable from a constant-Bernoulli
function. It is natural to ask whether the converses also hold, as it
is the case in Yao’s Lemma (Lemma 2.12). As it can be seen from
the proofs of statements (2.15) and (2.15) in Lemma 2.15, these two
statements do imply that g is indistinguishable from a constant-
Bernoulli function. However, this is not the case for statements
(2.15), and (2.15), which are weaker than being indistinguishable
from a constant-Bernoulli function.

The fact that statement (2.15) does not imply the assumption of
Lemma 2.15, even when we allow large changes in ¥ and € can be
shown with the following counter-example. Let D be the uniform
distribution on X = {0, 1}" and let # be all circuits of size n°. Let
g be a random function where Pr[g(x) = 1] = 3/4if x; = 0 and
Pr[g(x) = 1] = 1if x; = 1, where x; denotes the first bit of x.
Then, by Chernoff and union bounds it can be shown that with
high probability, v > 7/8 — 272" and gR is (v — 27%("))-hard
against circuits of size 29(n) On the other hand, the distinguisher
f(x) = x1 has

E Lf(x)(g() - 7/8)] =1/2-7/16 = 1/16,

x~

s0 g is not e-indistinguishable from the constant function v for
any € < 1/16 and circuits of size O(1). We note that the fact that
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statement (2.15) does not imply indistinguishability from a constant-
Bernoulli function is in contrast to Yao’s Lemma, which states that
(2.15) & (2.15) in the special case where v = 1/2.

Lastly, the reason why (2.15) is weaker than the assumption of
Lemma 2.15 is because (2.15) = (2.15) by IHCL (given that state-
ment (2.15) corresponds to the assumption of IHCL and statement
(2.15) to the conclusion of IHCL), and so it follows that (2.15) does
not imply that g is a constant-Bernoulli function.

3 THE HARDCORE LEMMA

Impagliazzo’s Hardcore Lemma (IHCL) is a fundamental result in
complexity theory that dates to 1995 [27]. Informally, it states that
if a function is somewhat hard to compute on average by a family
¥ of boolean functions, then there is a fairly large subset of the
inputs (called the “hardcore set”) for which the function is very
hard to compute, in the sense that g is maximally unpredictable to
the family ¥ That is, no distinguisher can do better than random
guessing.

3.1 The Original IHCL Statement

Impagliazzo’s Hardcore Lemma can be formally stated as follows:

THEOREM 3.1 (IHCL, [27, 24]). Let ¥ be a family of functions f :
X — {0,1}, let D be a probability distribution over X, and let €, >
0. There exists t = poly(log|X|,1/e,1/8) and q = poly(1/e, 1/6)
such that the following holds: If g : X — {0, 1} is (7,4, )-hard on
D, then there is a distribution H that is 25-dense in D and for which
gis (F,1/2 — €)-hard on ‘H.

3.2 The IHCL++ Theorem

For the ease of notation, recall the definitions of vp and bp (which
we call the balance of function g) from Definition 2.3. From Sec-
tion 2, recall that we also need to consider the size parameter
np = Pry_p[x € P] of each P € P (Definition 2.5). Because we are
using the notion of approximate multicalibration, we will only be
considering the sets P €  such that np > y.

We can now introduce our IHCL++ statement:

THEOREM 3.2 (IHCL++). Let X be a finite domain, let ¥ be a
family of functions f: X — [0,1], letg: X — [0, 1] be an arbitrary
function, D a probability distribution over X, and let €,y > 0. There
exists a partition P € F; g of X witht = 0(1/(e%y) - log(|X|/€)),
g = 0(1/€%), k = O(1/€) which satisfies that for all P € P such that
np >y, there exists a distribution Hp in P of density 2bp in D|p

such that gR is (FR,1/2 - m)—hard on Hp.

First, we present a proof of our proposed IHCL++ as a direct corol-
lary of our theorem characterizing maximal hardness (Lemma 2.15).
Next, we summarize a second proof of IHCL++ by adapting the
proof of Trevisan et al. [39]. We include this second proof because
it helps in understanding how multicalibration relates to the Reg-
ularity Lemma and because we are able to improve the density
parameter from § to 26.

ProoFr oF THEOREM 3.2. The proof is a combination of the MC
Theorem (Theorem 2.10) and our lemma characterizing indistin-
guishability from constant-Bernoulli functions (Lemma 2.15). We
first apply the MC Theorem (Theorem 2.10) to ¥, g, D with the
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same parameters €, y. This yields a partition # € F; g of X with
t =0(1/(e*y) -log(|X|/€)), ¢ = O(1/€?), k = O(1/e) satisfying

E [f(x)-(g(x)—vp)]| <€

x~Dlp

for all f € ¥ and for all P € % such that np > y. Next, we
apply Lemma 2.15 to each piece P € P such that np > y: Given
that g is (F, €)-indistinguishable from the constant function vp,
by statement (2.15) in Lemma 2.15 it follows that there exists a
distribution Hp of density 2bp in D|p such that g~ is (FR,1/2 —
ep)-hard on it, where ep = m. Hence Hp is a hardcore

distribution for g on P, as required. O

Another proof of IHCL++ as a modification from [39]. An-
other way to prove IHCL++ is as a modification of Trevisan et al.’s
proof that the Regularity Lemma implies IHCL [39]. We summa-
rize the approach of this proof here; full details appear in [5]. The
Trevisan et al. proof of IHCL begins by invoking the Regularity
Lemma / Multiaccuracy Theorem (Theorem 1.1) on g and where
D corresponds to the uniform distribution; we begin by invoking
the MC Theorem instead (Theorem 2.10).° In [39], they use the
resulting MA predictor h to define the following distribution H
over the domain X:

-k
HE) = 5 xla@ - h @I

The intuition behind this choice of distribution is to put more mass
where h and g disagree. Trevisan et al. then show that 1) H is
d-dense in D, and that 2) g is strongly hard on H. Inspired by
their proof, we define the following probability distribution on each
(large enough) set P € P:

S /G L

2Zyep l9(y) = vpl
We remark that, unlike in the multiaccuracy case of [39], the de-
nominator in the expression for Hp sums over the set P instead of
over the entirety of the domain X.

We then can show that 1) Hp is 2bp-dense in D|p, and that
2) g is strongly hard on Hp. To show 1), we analyze the quantity
Yxep lg(x) —vp|; the fact that vp is a constant is what allows us
to recover the optimal 2bp density parameter, whereas the same
analysis carried out in [39] for IHLC does not. That is, a multiaccu-
rate predictor does not seem to imply IHCL with optimal density
parameters, but a multicalibrated predictor can. To show 2), we
relate the probability that fR(x) = gR(x) to the expected value in
the definition of multicalibration using a similar expression to the
one used in the proof of Yao’s Lemma (i.e., Equation 2.1).

Another proof of IHCL++ using the original IHCL. A third
approach to proving our IHCL++ theorem is by using the original
THCL coupled with our theorem characterizing maximal hardness
(Theorem 2.15). Namely, we begin by applying the MC theorem to
obtain a partition P, thus satisfying the assumption of Lemma 2.15
on each P € P such that np > y. By statement (2.15) in Lemma 2.15,
it follows that the assumption for IHCL is satisfied on each such
piece with weak hardness § := bp—2¢, and hence we can apply IHCL
®Trevisan et al. consider the restricted version of IHCL where O corresponds to the

uniform distribution on X, whereas we consider the general version of IHCL with an
arbitrary distribution.
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to each such P to obtain a hardcore distribution within each piece
of the partition, which corresponds to the conclusion in IHCL++.
However, this yields worse indistinguishability parameters for the
hardcore distribution than those in Theorem 3.2.

3.3 Recovering IHCL from IHCL++

Having proved IHCL++, we now show how to recover the origi-
nal IHCL theorem from it. The key idea is to “glue together” the
hardcore distributions Hp within each P € P, where in this glu-
ing each P € P is weighted according to its size parameter np of
the set P. When we bring back the assumption that g is §-weakly
hard (as in the original IHCL statement), by using the fact that the
multicalibrated partition is of low-complexity, it follows that the
glued hardcore distribution  has density at least 26 in D, which
corresponds to the optimal density parameter in IHCL.

We begin by showing that if g is §-hard, then the g cannot be
too imbalanced on average over the pieces of the partition.

ProrosITION 3.3. Let X, D, F,g,€,y,P,t,q, k as in Theorem 3.2.
Moreover, assume that g is (Fy4k,q, 6)-hard, and suppose thatnp > y
forallP € P. Then,

E
P~P(D)

[bp] > 6.

Proor. Assume by contradiction Ep.p(p)[bp] < 5. We show
that this contradicts the fact that g is §-hard on D. More specifically,
we show that we can construct a function f € ¥4k 4 such that

Pr R =g"x]>1-4

x~D, coins(gR),
coins(fR)

Let f € 71,4, where t = O(1/(e'y) - log(|X|/e)), g = O(1/€?), be
the partition membership function for # as given by Definition 2.9.
Thatis, P = {f1(1),..., f~1(k)}. We define our f as f = fpost 0 f,
where fpost : [k] — {0,1} is the indicator function fyost(i) =
1 [Uf-l(i) > 1/2]. Thus, fpost can be by a circuit of size k (see [1,
§9.1.1]), so f € Fripq-

The intuitive meaning of the indicator function fpost(i) is the
following: we want to show that f approximates g “quite well”, in
the sense that Pr[fR(x) = gR(x)] > 1 — 4. The above construc-
tion is saying that f is equal to 0 in all of the P € % such that
Ep|p[9(x)] < 1/2, and equal to 1 otherwise. We now show that
this is indeed a good approximation of g; good enough that it con-
tradicts the assumption that g is (F4,¢, 6)-hard.

Fix some P € P, and as usual let vp = Ey.pj, [g(x)]. Since
g is {0, 1}-valued and f equals the majority value of g on P by
construction, it follows that

Pr R =R = Pr [f(x)=g"x)]
x~D|p, coins(g}), x~Dlp,
coins(fR) coins(g?)

1 —min{op,1 —op} = 1—-bp,

since f = 0 when vp < 1/2 and f = 1 when vp > 1/2. Because this
expression holds for every P € P, when we consider the probability
that f(x) = g(x) over X it follows that
Pro [f(x)=g"x)]=1- B
iy fx)=g ppiD)

coins(gR)

[bp].
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Since by assumption Ep.p () [bp] < 6, it follows that

P =gl >1-6

5

coins(gR)

which contradicts the (¥4, ¢, 5)-hardness of R O

In Proposition 3.3, we are assuming that np > y for all P € P
in order to make its proof cleaner. In the full version of the paper,
we only “glue” together the pieces P € ¥ that have enough size
and mass. We then show that, when we bring back the assumption
that g is §-weakly hard, our IHCL++ theorem implies that the glued
hardcore set has density at least 2.

In the full version of the paper, we also include a set version
of IHCL++. The formal statements of PAME++, DMT++, and their
corresponding proofs are also deferred to the full version of the
paper, which can be found at https://arxiv.org/abs/2312.17223.
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