CS 229r Spectral Graph Theory in Computer Science, Lecture 2 Sep 8, 2020

Lecture 2
Instructor: Salil Vadhan Scribes: Madeleine Barowsky, Matthew Cavorsi

1 Recap
e We will talk about weighted directed graphs (digraphs), but Spielman only talks about undirected
e We notate adjacency matrix as M, degree matrix as D, and Laplacian as L = D — M
— The degree matrix D is a diagonal matrix with entries di; = >_; yep Mji = 22 jyep w(i, J)

— For D of a directed graph, we can use either indegree or outdegree (both equal if the graph is
Eulerian)

e Spectral Theorem allows us to write a real symmetric matrix M as M = >_1" | mvol = VIAV
(where m; are the diagonal entries of a diagonal matrix A and v; are the columns of an orthogonal
matrix V)

Q: For undirected Eulerian GG, what can we say about the eigenvalues of L?

A: We know that 1 is an eigenvector of eigenvalue 0. We can say that the other eigenvalues are all non-
negative (L is positive semi-definite):

L= Z wapla,,, = Z Wa b (6 — 6p) + (0a — )7,

(a,b)eEE (a,b)EE

2T Le = Z Wap(Ta — zp)? > 0.
(a,b)

where G4 is a graph with one edge, and d,,5 is a vector with 1 in position {a,b} and zeros elsewhere.

2 Computational Complexity in Linear Algebra

On an n x n matrix, all of the following can be computed in O(n*) arithmetic operations (where 2 < w <
2.373):

e matrix multiplication (x extremely useful!)

e matrix inversion

e determinant

e characteristic polynomial

e solving Ax =b

e Singular Value Decomposition (SVD) (*up to arbitrary accuracy)

e cigendecomposition of symmetric matrices (*up to arbitrary accuracy)

CS 229r Spectral Graph Theory in Computer Science, Lecture 2-1



Note that counting arithmetic operations ignores bit length of numbers, which is important for real-
world implementation. Floating point precision also requires additional work to control errors and numerical
stability.

For sparse matrices, we prefer to describe complexity in terms of the number of nonzero entries (since
we could potentially notate in some sparse notation with fewer than n? entries).

3 Looking at Eigenvalues

Q: Let G = (V, E) be undirected. We know Tis an eigenvector of L with eigenvalue 0. What can we say
about the other eigenvalues?

A: They’re all non-negative, i.e. L is positive semi-definite. Why? Observe that

L = Z wa7bLG(a,b) = Z w(a7b)(5a — 51,)(501 — 5b)T
(a,b)EE (a,b)eE

where Lg, ,, is the Laplacian of the single-edge graph G’ = (V,{(a,b)}) and each §; is the i-th standard
basis vector. So for all x € R™, we have
2l Le = Z Wa p(rq — 23)* > 0.

(a,b)eEE

This idea of “linear decomposition of matrices” is an important theme in the course because it is similar
to looking at local and global properties of graphs.

Theorem 1. Let 0 = A < Ay < --- < A, be the eigenvalues of the Laplacian for a graph G. Then
Ao =0 <= (G is disconnected.

Proof of 1: (<) Suppose G is disconnected with components a; and as. Then we can write the Laplacian

as
Lo, O
L= ( ; L)

We see that ((17) is an eigenvector of eigenvalue 0 (since 1 is an eigenvector for L,, of eigenvalue 0) and

similarly ((%) is as well. Thus Ay = 0.

(=) Now suppose A\ = 0 with eigenvector Z. Assume for the sake of contradiction that G is connected. By
definition LZ = 0, so we can write

Lz = Z Wa,b(Tq — xb)2 =0,
(a,b)EE

ie. x, = xp for all edges (a,b) (since the weights on edges are strictly positive). By connectedness of G,
every pair of vertices is connected by a path, so we can inductively conclude that x, = x} for all a,b € V.
Thus # is a multiple of T and the eigenspace for 0 only has dimension 1, contradicting the fact that Ay = 0.
So G is disconnected. O

Going forward, we will actually use Ay as a measure of how connected the graph is. (Larger Ay means G
is more “highly connected”.)

Q: How do we characterize Ay in terms of the Rayleigh quotient?

A:
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2T Lz

A2 = min =
zlI T°X
T
. x' Lz .
= min max — [Courant-Fischer Theorem)].
SCR™ zes\{0} xTz

S 2-dim subspace

3.1 Exercise

Compute Ay for the complete graph K, (with self-loops).

We have
1 1 1
1 1 1
M = . =117
1 1 1

with eigenvalues p; = n and po = 0. Then

)\2:d—,u/2:d:’n.

4 Eigenvalues for Visual Properties of Graphs

4.1 Hall’s Graph Drawing Method

Goal: Find f: V — R? (drawing of points in two dimensions) minimizing

Z wa || f(a) — F(B)? (sum of weighted lengths of edges)

(a,b)EE
(o)~ G

such that ||z = ||y|| =1, LT,y L T, and & L 4.

= E Wa,b

(a,b)eE

Optimal Solution: This minimization equals

Y (@(a) = z(b)” + (y(a) — y(b)* = " La + y" Ly.
(a,b)eE

The vectors z and y are restricted to be orthogonal because otherwise the optimal solution to this would be
T

T =y = vy since we know vo corresponds to Ay = min_ | 7 szLf. Since z and y must be orthogonal, we can

say that the optimal solution would be x = v5 and then y = v3 which is the eigenvector of the next smallest

corresponding eigenvalue that is perpendicular to both T and z = vs.

4.2 Wilf’s Theorem

Theorem 2 (Wilf’s Theorem). Let g > po > -+ > uy, be the eigenvalues of M. Then G can be properly
colored with |p1] + 1 colors.
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Note that this is an improvement of the solution using d;,.x+1 colors from PS0. The star graph represents
a graph which Wilf’s Theorem improves on the d,,,, bound asymptotically, but note that the star graph is
also an example that even Wilf’s Theorem is not tight. It is a fact that p; < dpax and p1 = dpax <= G
is regular.

Sketch of Proof of Wilf’s Theorem: By induction on n.
(1) Find a vertex v with degree < 4
(2) Color the rest of the graph with |p1] + 1 colors
(3) Color vertex v with any color not used by a neighbor

Proof of Steps of Sketch:
(1) Lemma: In every graph, we have davg < p1.

1T

M1
171

2T Mz >

Proof. We know p3 = max, “_r

= davg- O
(2) By the inductive hypothesis and

Lemma: G\ {v} has largest eigenvalue < p;.

Proof. Write R for the ||V||-dimensional space indexed by the vertices in V. Let v € V. Without loss of
generality suppose v is indexed as the last component.

T
Tax () M)

Yy Ma_{01y
= max —————.
yeRV—{u} y y
O
(3) TBD O
4.3 Cauchy’s Interlacing Theorem
Theorem 3. If A is a symmetric n X n matrix with eigenvalues oy > -+- > «p and B is a principal

(n—1) x (n—1) submatriz of A (B is obtained by deleting the same row and column from A) with eigenvalues
Br =2 Puo1, thenar =2 1 2 ap =2 P > > B 2 .

Cauchy’s Interlacing Theorem is a generalization of the proof of step (2) from above.
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