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Abstract

The classic Impagliazzo—Nisan—Wigderson (INW) pseudorandom generator (PRG)
(STOC ‘94) for space-bounded computation uses a seed of length O(logn -
log(nw/e) + logd) to fool ordered branching programs of length n, width w, and
alphabet size d to within error ¢. A series of works have shown that the analysis of the
INW generator can be improved for the class of permutation branching programs or
the more general regular branching programs, improving the O (log? n) dependence
on the length n to O (logn) or 0(10g n). However, when also considering the depen-
dence on the other parameters, these analyses still fall short of the optimal PRG seed
length O (log(nwd/¢)). In this paper, we prove that any “spectral analysis” of the INW
generator requires seed length

Q2 (logn - loglog (min{n, d}) + logn - log (w/¢) + logd)

to fool ordered permutation branching programs of length n, width w, and alphabet size
d to within error €. By “spectral analysis” we mean an analysis of the INW generator
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that relies only on the spectral expansion of the graphs used to construct the generator;
this encompasses all prior analyses of the INW generator. Our lower bound matches
the upper bound of Braverman—Rao—Raz—Yehudayoff (FOCS 2010, SICOMP 2014)
for regular branching programs of alphabet size d = 2 except for a gap between their
O (logn - loglogn) term and our 2 (logn - loglog min{n, d}) term. It also matches
the upper bounds of Koucky—Nimbhorkar-Pudldk (STOC 2011), De (CCC 2011),
and Steinke (ECCC 2012) for constant-width (w = O(1)) permutation branching pro-
grams of alphabet size d = 2 to within a constant factor. To fool permutation branching
programs in the measure of spectral norm, we prove that any spectral analysis of the
INW generator requires a seed of length Q2 (logn - loglogn + logn - log(1/¢)) when
the width is at least polynomial in n (w = n®(1), matching the recent upper bound
of Hoza—Pyne—Vadhan (ITCS 2021) to within a constant factor.

Keywords Pseudorandomness - Space-bounded computation - Spectral graph theory

1 Introduction

Starting with the work of Babali et al. [2], there has been three decades of work of con-
structing and analyzing pseudorandom generators for space-bounded computation,
motivated by obtaining unconditional derandomization (e.g. seeking to prove that
BPL = L) and a variety of other applications (e.g. [3-6]). Although we still remain
quite far from having pseudorandom generators that suffice for a full derandomization
of space-bounded computation, there has been substantial progress on pseudorandom
generators for restricted models of space-bounded computation. In particular, a series
of works has shown that the analysis of the classic Impagliazzo—Nisan—Wigderson
(INW) generator [7] can be significantly improved for restricted models (e.g. “per-
mutation branching programs”), but these analyses have not matched the parameters
of an optimal pseudorandom generator. In this work, we show that there are inherent
limitations to the analysis of the INW generator for these restricted models, proving
lower bounds that nearly match the known upper bounds.

1.1 Pseudorandom Generators for Space-Bounded Computation

Like previous work, we will work with the following nonuniform model of space-
bounded computation.

Definition 1.1 Anordered branching program B of length n, width w and alphabet size
d computes a function B : [d]" — {0, 1}.Onaninputo € [d]", the branching program
computes as follows. It starts at a fixed start state vy € [w]. Then fort = 1,...,n,
it reads the next symbol o; and updates its state according to a transition function
B; : [w] x [d] — [w] by taking v; = B;(v;—1, 0;). Note that the transition function
B, can differ at each time step.

Moreover, there is a set of accept states V, € [w]. Let u be the final state of the
branching program on input o. If u € V, the branching program accepts, denoted
B(o) = 1, and otherwise the program rejects, denoted B(c) = 0.
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An ordered branching program can be viewed as a layered digraph, consisting
of n + 1 layers of w vertices each, where for every t = 1,...,n and v €
[w], the v’th vertex in layer + — 1 has d outgoing edges, going to the vertices
B (v, 1), B;(v,2), ..., B:(v,d) € [w] in layer ¢.

An ordered branching program corresponds to a streaming algorithm, in that the n
input symbols from [d] are each read only once, and in a fixed order. This is the rele-
vant model for derandomization of space-bounded computation because a randomized
space-bounded algorithm processes its random bits in a streaming fashion. Specifi-
cally, if on an input x, a randomized Turing machine A uses space s and n random bits
o, the function B, (o) = A(x; o) can be computed by an ordered branching program
of length n, width w = 25+90029) . 0 (|x|) and alphabet size 2. In particular, if A is a
randomized logspace algorithm (i.e. a BPL algorithm), then n = w = poly(|x|).

The standard definition of pseudorandom generator is as follows.

Definition 1.2 Let F be a class of functions f : [d]" — {0, 1}. An e-pseudorandom
generator (¢-PRG) for F is a function GEN : [S] — [d]" such that for every f € F,

E [f()]- E [f(GENM\))]| =e,
x<Uyp x<Ug

where Upg) is the uniform distribution over the set [S] = {0,...,S — 1}. We say
s := log(S) is the seed length of the PRG. We say a generator GEN is explicit if the
ith symbol of output is computable in space O (s). We say that GEN e-fools F if it is
an ¢-PRG for F.

By the probabilistic method, it can be shown that there exist (non-explicit) e-PRGs
for the class of ordered branching programs of length n, width w, and alphabet size
d with seed length s = O(log(nwd/¢)), and it can be shown that this is optimal up
to a constant factor (provided that 2" > w, n,d, w > 2, and ¢ < 1/3). An explicit
construction with such a seed length (even for d = 2 and ¢ = 1/3) would suffice to
fully derandomize logspace computation (i.e. prove BPL = L).

The classic construction of Impagliazzo, Nisan, and Wigderson [7] gives an explicit
PRG with seed length s = O (logn - log(nw/e) + logd), an improvement over
Nisan’s earlier construction [8] in terms of the dependence on d. For the case corre-
sponding to derandomizing general logspace computation, where d and ¢ are constant
and w is polynomially related to n, we have s = O (log2 n), quadratically worse
than the optimal seed length of s = O(logn). Brody and Verbin[9] showed that
these classic pseudorandom generators require seed length 2 (log2 n) even for width
w = 3 (see Appendix A). Meka et al.[10] recently gave a completely different
explicit construction of pseudorandom generator for width w = 3 with seed length
s =0 (logn -log(1/¢)), but for width w = 4 no explicit constructions with seed
length o (log® n) are known.

1.2 Permutation Branching Programs

Motivated by the lack of progress on the general ordered branching program model,
there has been extensive research on restricted models:
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Definition 1.3 An (ordered) regular branching program of length n, width w, and
alphabet size d is an ordered branching program where the associated layered digraph
consists of regular bipartite graphs between every pair of consecutive layers. Equiv-
alently, for every t+ = 1,...,n and every v € [w], there are exactly d pairs
(u,0) € [w] x [d] such that B;(u, o) = v.

Definition 1.4 An (ordered) permutation branching program of length n, width w, and
alphabet size d is an ordered branching program where for all # € [r] and o € [d],
B;(-, o) is a permutation on [w].

Every permutation branching program is a regular branching program, but not con-
versely.

A series of works has shown that the Impagliazzo—Nisan—Wigderson (INW) pseu-
dorandom generator can be instantiated with smaller seed length for regular or
permutation branching programs. First, Rozenman and Vadhan [11] analyzed the INW
generator for carrying out random walks on d-regular w-vertex graphs, which corre-
spond to regular branching programs in which all of the transition functions B, are
the same. They showed that if the graph is consistently labeled (equivalently, if we
have a permutation branching program), then a seed length of s = O (log(nwd/¢))
suffices for the random walk to get within distance ¢ of the uniform distribution on
vertices, provided that the length n of the pseudorandom walk is polynomially larger
than the mixing time of a truly random walk. (This “pseudo-mixing” property is non-
standard but has applications, including giving a simpler proof of Reingold’s Theorem
that Undirected Connectivity is in deterministic logspace [12] and the construction of
almost k-wise independent permutations [13].)

Next, Braverman et al. [14] analyzed the INW generator for regular branching pro-
grams of alphabet size d = 2, and achieved seed length s = O(logn - loglogn +
logn - log(w/¢)), thereby improving the dependence on the length n from O (log? 1)
to é(log n) for the standard pseudorandomness property. For the case of permutation
branching programs of constant width w = O (1) and alphabet size d = 2, Koucky
et al.[15] further improved the seed length to s = Oy, (logn - log(1/¢)). The hidden
constant in the Oy (.) depended exponentially on the width w, but was subsequently
improved to a polynomial by De[16] and Steinke [17].

Recently, Hoza et al. [ 18] turned their attention to permutation branching programs
of unbounded width, and showed that the INW generator fools such programs in
“spectral norm” with seed length s = O (logn - loglogn + logn - log (1/¢) + logd).
Here, fooling in spectral norm means that the w x w matrix of probabilities of going
from each initial state to each final state under the generator has distance at most ¢ in
spectral norm from the same matrix under truly random inputs. e-fooling in spectral
norm can be shown to imply the standard notion of pseudorandomness for programs
with a single accept state. Surprisingly, the seed length of Ref.[18] even beats the
probabilistic method; indeed they show that a random function requires seed length
2 (n) to fool permutation branching programs of unbounded width and a single accept
vertex with high probability. Subsequent to initial publication of this paper, Bogdanov
et al.[19] achieved the same seed length for regular programs with a single accept
vertex, at the cost of only obtaining a hitting set generator.
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Table 1 Spectral analyses of the INW generator

Model Seed length Pseudorandomness Reference
General O (logn - log (nwd/¢)) Standard [7]
Perm., same trans O (log (nwd /¢)) Pseudo-mixing [11]
Regular, d =2 O (logn -loglogn + Standard [14]
logn - log (w/¢))
Regular O(logn - loglogn+ logn - Hitting [19]
log(1/¢) +logd)
Permutation, d = 2 Oy (logn -log(1/¢)) Standard [15-17]
Permutation O(logn - loglogn+ logn - Spectral [18]

log(1/¢e) + logd)

We summarize the aforementioned analyses of the INW generator in Table 1. Let
us elaborate on how all of these results are instantations of the INW generator. Specif-
ically, the INW generator can be viewed as a template for a recursive construction
of a PRG, where a PRG INW;_; generating n;_; = 2/~ output symbols is used to
construct a PRG INW; generating n; = 2/ output symbols, by running INW; _; twice
on a pair of correlated seeds. The pair of seeds are chosen according to a random edge
in an auxiliary expander graph H;:

INW;(e) = INW,;_1(x) - INW;_;(y) for each edge ¢ = (x, y) of H;, (D)

where - denotes concatenation. Thus different choices of the sequence of graphs
Hy, Hy, ..., Hiog, yield different instantiations of the INW generator. In all of the
aforementioned works,! the pseudorandomness property of the generator is proven
using only the spectral expansion properties of the graphs H;, namely requiring that
all of the nontrivial normalized eigenvalues of H; have absolute value at most some
value A; for i = 1,...,logn. We call such an analysis a spectral analysis of the
INW generator. Given a spectral analysis of the INW generator, the degrees of the
expanders H; are then determined by the optimal relationship between expansion and
degree d; = poly(1/A;) (see Proposition 2.6), which in turn determines the seed length
of the final generator, namely

logn
s =0 (log(d-dy-dy-diogn)) =2 | logd + > log(1/x;) | . )
i=1

1.3 Our Results

Given the improved analyses of the INW generator described in Table 1, it is natural
to wonder how much further these analyses can be pushed. In particular, can the INW

I Braverman et al. [14] analyze the INW generator constructed with randomness extractors [20], but the
extractor parameters they use follow from spectral expansion properties of the underlying graphs [21].
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generator e-fool permutation branching programs of length n, width w, and alphabet
size d with seed length matching the optimal seed length of O (log(nwd/e))? Our
main result is that the answer is no:

Theorem 1.5 (informally stated) Any spectral analysis of the INW generator for e-
fooling permutation branching programs of length n, width w, and alphabet size d
requires seed length

s = Q (logn - loglog(min{n, d}) + logn - log(w/e) + logd) .

Notice that this lower bound nearly matches the upper bounds in Table 1. In particular,
we match the upper bound of Ref.[14] for regular branching programs, except that
we get alogn - loglogn term only when d = 200z g hile they have such a term
even when d = 2. We also match the upper bounds of Ref.[15-17] for permutation
branching programs of alphabet size d = 2 and constant width w = O(1).

For fooling with respect to spectral norm, we can getalower bound of log n-log log n
whenever w = n%®  in particular matching the result of Ref.[18] for unbounded-
width permutation branching programs:

Theorem 1.6 (informally stated) For e-fooling in spectral norm, any spectral analysis
of the INW generator for permutation branching programs of length n, width w, and
alphabet size d = 2 requires seed length

s = Q (logn - loglog(min{n, w}) + logn - log(1/¢)) .

While our theorems are quite close to the upper bounds, they leave a few regimes
where a spectral analysis of the INW generator could potentially yield an improved
seed length. In particular, a couple of open questions stand out regarding the logn -
loglogn terms in the bounds:

e Can we achieve seed length O(logn -log(w/¢)) for permutation (or even regular)
branching programs of alphabet size d = 2? When the alphabet size is d = 2, the
loglog(min{rn, d}) term disappears in Theorem 1.5. However, the upper bound of
Ref. [14] for regular branching programs still has an O (logn - loglog n) term, and
the upper bounds of Ref.[15—-17] only achieve a polynomial dependence on the
width w.

e Can we achieve seed length O(logn - log(1/¢)) for permutation branching pro-
grams with a single accept vertex, alphabet size d = 2, and width w = n (or
even unbounded width)? The best upper bound for this model is Ref. [18], which
has an additional O (logn - loglogn) term. This term is necessary for fooling in
spectral-norm by Theorem 1.6 but may not be necessary for the easier task of
fooling programs with a single accept vertex.

A second opportunity for improvement is to go beyond spectral analysis of the INW
generator, and exploit graphs H; with additional properties. To indicate that there is
some hope for this, we include an observation showing that there exists an instantiation
of the INW generator that achieves optimal seed length, even against more general
ordered branching programs:

@ Springer



Algorithmica

Theorem 1.7 For all n, w,d € N and ¢ > 0, there exists a sequence of graphs H
such that the INW generator constructed with this sequence e-fools ordered branching
programs of length n, width w and alphabet size d and has seed length O (log(nwd /¢)).

This is an application of the Probabilistic Method, and so does not give an explicit
PRG.

Our lower bounds also say nothing about constructions that deviate from the tem-
plate of the INW generator, and better seed lengths can potentially be obtained by
modifying the INW generator or using it as a tool in more involved constructions.
Examples include the pseudorandom generator for width 3 ordered branching pro-
grams [10], which combines the INW generator with pseudorandom restrictions, and
[22-26], which construct “weighted pseudorandom generators” with a better depen-
dence on the error by taking linear combinations of the INW generator (or blends of
the Nisan and INW generator).

1.4 Techniques

Theorem 1.5 is really three separate lower bounds, which we state as separate theorems
here to discuss the proof ideas separately. (The lower bound of s = Q(logd) is very
simple.)

Theorem 1.8 (informally stated) Any spectral analysis of the INW generator for (1 —
1/w®W)-fooling permutation branching programs of length n, width w, and alphabet
size d requires seed length s = Q(logn - log w).

Note that the lower bound holds for a very large error parameter, namely ¢ =
1 — 1/w®M_ In fact, it holds even for obtaining a hitting-set generator, where
Definition 1.2 is relaxed to only require that Ex(_U[ an [f(x)] > e implies that
E. vy f (GEN())] > 0.

To prove this Theorem 1.8, we show that most of the A;’s parameterizing the INW
generator must have ; < 1/w®®, which implies the seed-length lower bound by
Eq. (2). If that is not the case for some value of i, we construct an auxiliary graph
H; to use in the INW generator (with A(H;) < A;) such that a permutation branching
program only needs width poly(1/X;) < w in order to perfectly distinguish a random
edge in H; from a pair of vertices in H; that are not adjacent. Specifically, we can
take H; to be an expander with degree ¢; = poly(1/4;) and ci2 vertices. To be able to
use such a graph in most levels in the INW generator, we need to pad the number of
vertices. We do this by taking a tensor product with a complete graph, which retains
both the expansion of H; and the ability of a width w permutation branching program
to distinguish edges and non-edges. We use complete graphs (with an appropriate edge
labeling) for the remaining graphs H; in the INW generator, and argue a permutation
branching program of width w can still distinguish the output from uniform.

Theorem 1.9 (informally stated) Any spectral analysis of the INW generator for e-
fooling permutation branching programs of length n, width w = 2, and alphabet size
d requires seed length s = Q2 (logn - log(1/¢)).

To prove Theorem 1.9 we use a construction from Ref. [11] used to show the tightness
of their analysis of the “derandomized square” operation on graphs. (Composing the
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INW generator with a permutation branching programs amounts to performing log n
iterated derandomized square operations on the graph of the branching program.)
Specifically, in order to show that each A; satisfies A; = O(e), we consider a graph
H; that has a self-loop probability of A; but has A(H;) < A;. When the self-loop is
taken, it means that two consecutive subsequences of the output of the INW generator
of length 2/~! are equal to each other, by Eq. (1). Thus the permutation branching
program of width 2 that computes the parity of the input bits on the union of those
two subsequences will distinguish the output of the INW generator from uniform with
advantage Q2 (A;).

Theorem 1.10 (informally stated) Any spectral analysis of the INW generator for
(1/20)-fooling permutation branching programs of length n, width w = 2, and alpha-
bet size d requires seed length s = Q2 (logn - loglog(min{n, d})).

To prove Theorem 1.10, we want to show that most of the A;’s must satisfy
Ai < O(1/logn). For the overview, we assume that d = n. It suffices to prove
that szln Ai < O(1). To do this, we again consider graphs H; that have a self-loop
probability of A;, but rather than considering only one such graph, we use all of them
in the INW generator. Intuitively, we want to show that the errors of 2 (A;) accumulate
to lead to an overall error of 2(D"; A;) > &. We consider a permutation branching
program that corresponds to a random walk on a graph G with w = 2 vertices that has
a self-loop probability of approximately 1 — 1/n. A truly random walk of length n on
G will end at its start vertex with probability at most 1 —n- (1/n)-(1—1/n)""! < .64.
We show that a pseudorandom walk using the INW generator with the graphs H; will
end at its start vertex with probability at least .75. Specifically, we choose our edge
and vertex labelings carefully so that the self-loops in the graphs H; cause random
walks to backtrack with a high constant probability, so that it is as if we are typically
doing random walks on G of length at most n /4.

Turning to Theorem 1.6, the only part of the lower bound that does not follow from
the same arguments as above is the following:

Theorem 1.11 (informally stated) For 1/3-fooling in spectral norm, any spectral
analysis of the INW generator for permutation branching programs of length n, width
w, and alphabet size d = 2 requires seed length s = Q2 (logn - loglog(min{n, w})).

The proof of Theorem 1.11 is similar to that of Theorem 1.10, but instead of considering
random walks on a 2-vertex graph G with large degree d, we use a graph G of degree
2 and a large number of vertices. Specifically we take G to be the undirected cycle on
w = ©(+/n) vertices. The key point is that the truly random walk on the cycle mixes
inn = O©(w?) steps in spectral norm. So a truly random walk of length n will differ
from complete mixing by at most, say 1/3, in spectral norm, but due to backtracking,
the pseudorandom walks using the INW generator will differ from complete mixing
by at least 2/3 in spectral norm.

1.5 Organization

In Sect.2, we introduce formal definitions and give our general recipe for proving
lower bounds. In Sect. 3, we prove Theorem 1.9, our lower bound in terms of the error
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of the pseudorandom generator. In Sect. 4, we show how the error incurred in different
levels of the INW generator can accumulate, leading to Theorems 1.10 and 1.11. In
Sect. 5, we prove Theorem 1.8, our lower bound in terms of the width. In Appendix A,
we observe that this lower-bound technique gives stronger results for fooling general
(e.g. non-regular) ordered branching programs, and in particular recovers the analysis
of Brody and Verbin for bounds against width-3 ordered branching programs. In
Appendix B, we prove Theorem 1.7, establishing the existence of graphs enabling the
INW generator to achieve optimal seed length.

2 Structure of Lower Bounds

We now give the general approach to proving our lower bounds. To define spectral
analysis, we introduce notation related to labeled graphs and distributions.

Definition 2.1 (One-way labeling[11]) A one-way labeling of a d-regular directed
(multi)graph G assigns a label in [d] to each edge (u, v) such that for every vertex
u, the labels of the outgoing edges of u are distinct. For G with a one-way labeling,
let G[u, i] denote the vertex v such that (u, v) is labeled i. Furthermore, for y =
1y -5 Y%) € [d]¥ let G¥[x, y] be the vertex obtained from following the sequence
of edge labels y, i.e. Gk[x, y] = G[GI...G[x, y1], .-, Yk=1], Yk].

For the remainder of the paper all graphs have one-way labelings.

e For all w € N, let J,, be the w-regular graph on w vertices with the one-way
labeling Jy,[x, y] = y forall x, y € [w] (i.e. the complete directed graph with self
loops).

e Forall w € N, let I, be the 1-regular graph with one-way labeling 7,,[x, 0] = x
for all x € [w], i.e. a single (directed) self loop on every vertex.

We occasionally write J, (resp. 1) where the size of the graph is obvious from context.
All logs are base-2, and we use the nonstandard definition that [T] = {0, ..., T — 1}
for all T € N. In addition, we work with the random walk matrices of graphs, and the
distribution induced by taking walks on graphs according to the output of a PRG.

Definition 2.2 For a d-regular labeled graph G on w vertices and a label y € [d], let
Wgily] € {0, 1}*™ be the matrix where entry (u, v) is 1 if and only if G[u, y] = v.
Furthermore, we can define the random walk matrix of G as We = E[Wg[Uja]l-
Furthermore, for a function GEN : [S] — [d]¥, define

Wi o GEN = E[W 5 [GEN(Ujs))]].

Note that with this notation, WGk = (Wc)k for every k.

Definition 2.3 For a d-regular digraph G on w vertices, define the spectral expansion
of G as AM(G) =max .. .5 IxWall2/llx]l2.

We now formally define the INW PRG.
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Definition 2.4 Givend, € Nand a setof graphs H = (H), ..., Hy) where deg(H;) =
d; and |H;| = ]_[lj;lo dj, the INW generator constructed with 'H, denoted INWy or

INW, when the family is clear, is the function INWy; : [dp] X - -+ X [d¢] — [do]zg

defined recursively where for x € [dy] we have INWo(x) = x and for (x,y) €
([do] x -+ x [d;], [di+1]) we have

INWi 1 (x, y) = AINW; (x), INW; (Hiy1[x, y])).

The seed length of INWy is thus log (]_[fzo d,-).z

We then define an analysis of the INW PRG that only “knows about” the spectral
gap of the auxiliary graphs. For the remainder of the paper (with the exception of
Appendix B) we assume all auxiliary graphs H are undirected,? so we can assume
W g has a basis of eigenvectors.

Definition 2.5 For dy € N and A, ..., A¢ > 0, let INW(dp, A1, ..., A¢) be the set
of INW PRGs GEN : [S] — [do]z‘f constructed with auxiliary undirected regular
graphs Hy, ..., H; where A(H;) < X; for all i. We say INW (dp, A1, ..., A¢) e-fools
a class of functions F if every GEN € INW(dp, A1, ..., A¢) e-fools every f € F.
Furthermore, define s;nw (do, A1, ..., A¢) as the minimal seed length of all PRGs in
INW (do, A1, ..., A¢). We call the set (A1, ..., Ag) a constraint, and say a family of
graphs (Hj, ..., Hy) satisfies the constraint if A(H;) < A; for all i.

Given a family of INW PRGs, we can derive a lower bound on the seed length
via the relation between degree and maximum expansion, as given by the following
standard fact.

Proposition 2.6 (see e.g. [27]) Let G be an undirected d-regular graph on V vertices.

Then
MG > 1 V —d
=ZaVvor

In particular d > min{2/A(G)2, (V + 1)/2}.

That is, the degree must be at least polynomially related to 1/A(G) [as assumed in
the seed-length calculation in Eq. (2)], unless d is very close to the number of vertices.
To deal with the latter case in our seed-length lower bounds, we will remove the terms
corresponding to A;’s where the 2/A(G)*> > (V + 1)/2, yielding the following:
Lemma 2.7 Given INW(dp, A1, ..., \e), there is a set S C {1,...,£¢} with |S| <
2log(£) + 2loglog(1/Amin) where Amin = min{iy, ..., A¢} such that

SINW (do, A1, ..oy he) = Q2 > log(1/x)
ie(l, o ON\S

2 We do not require the domain to be a power of two, to avoid complications with non-power of two d;’s.

3 Technically, the “undirected” graphs in this paper are really symmetric directed graphs. That is, each
“undirected edge” {u, v} represents two directed edges, (u, v) and (v, u). The labels of these two directed
edges need not be equal.
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Proof Let t = log(1/Amin). Recall that s;nw (do, A1, ..., A¢) = log(dp - m ), where
m is the minimum product of degrees over all sets of auxiliary graphs Hy, ..., Hy
with the required spectral expansion. Let Hy, ..., Hy be such a minimal family, let
d; = deg(H;) for each i, and let R be the set of “dense” graphs, i.e., the set of
i €{l,...,¢}suchthat 2/)»(H,~)2 > (|H;|+1)/2. We now break into two cases based
on |R|:

1. First, suppose |R| > 2log({r). Then set S = #. To prove that this works, let
pi = ]_[’j=0 dj, so |H;| = pi—1. Observe thatif i € R, thend; > (|H;| +1)/2 =
(pi—1 + 1)/2 by Proposition 2.6. Therefore,

3/2

pi =pi-1-di = = pi—1-(pi-1 + 1) = p;’7,

N =

where the last step uses the fact that p;_; > dy > 2. Consequently, foreachi € R,
we have log p; > 3 -log pi_1,andsolog py > (3/2)/Fl > (3/2)21°2D) = Q(¢.1).

2. Otherwise, let S = R. For every i ¢ S, we have deg(H;) > 2/)»(H,~)2 > 2/)\1.2 by
Proposition 2.6. Thus,

mp = [ ] deeHn) = [] ;—2

ieS¢ iese i

Thus we bound sinw = log(dp - m ) as desired.

O

We remark that, fixing d, sijnw (d, -) is monotonic with respect to every parameter,
since a set of graphs that satisfies a constraint (A1, ..., A¢) also satisfies every looser
set of constraints.

Finally, we define the tensor product of graphs, and recall a basic fact about their
expansion, as we will construct some auxiliary graphs via tensoring a small expander
with the complete graph.

Definition 2.8 Given a pair of labeled graphs G, H on wj, wy vertices with
degrees di,d> respectively, define the tensor product G ® H to be the dd>-
regular graph on wjw; vertices with neighbor relation (G ® H)[(u, v), (e1,e2)] =
(Glu, e1], H[v, e2]).

Proposition 2.9 (see e.g. [28, Lemma 4.33]) Let G, H be undirected regular graphs.
Then M(G @ H) = max(A(G), A(H)).
3 Dependence on Error

In this section, we prove Theorem 1.9, establishing a lower bound on the seed length
as a function of the error of the generator.
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Theorem 3.1 (Formal Statement of Theorem 1.9) For every d and n = 2% and & >
2~ n/2 andri, ..., ¢ > 0,ifINW(, A1, ..., Ag) e-fools ordered permutation branch-
ing programs of length n, width 2, and alphabet size d, then s;nw(d, A1, ..., Ag) =
Q(log(1/¢) - (log(n) — loglog(1/e))).

This follows as a consequence of the following lemma, which essentially states that
constructing an g-biased space using the spectral INW generator requires constraining
all spectral gaps to be O(1/¢).

Lemma3.2 Foralld € Nand e > O, for every constraint (A1, ..., A¢) where there is
r such that A, > 3¢, there is a family of auxiliary graphs H = (Hy, ..., Hy) where
A(H;) < A; and an alphabet size d, width 2, length n = 2° permutation branching
program B such that INWy fails to e-fool B.

To prove the lemma, we define convex combinations of graphs on the same vertex set.

Definition 3.3 For G, G’ arbitrary d-regular graphs on n vertices, and A = a/b €
QnNI0,1],1let H = AG + (1 — 1)G’ be the (d - b)-regular directed graph on n vertices
where for x € [n] and (y, ¢) € [d] x [b]:

Glx,y] c<a

Hlx, 0. 01 = G'[x,y] c>a

We remark that with this definition, Wy = AWg + (1 — A)Wg. We implicitly extend
this to convex combinations of graphs with non-equal degrees d, d’ by duplicating
edges so both graphs have degree LCM(d, d).

We can then construct a bad family of graphs and a distinguisher.

Proof of Lemma 3.2 Let u be a rational number in (3¢, A, ] and let K = 22" and
define

H=plg+ 1 —-pn)Jk.
Then define the family H = (J», J4, .. ., Jzzr—Z, H, J., ..., Jy).Itisclear H satisfies
the constraint.

Now let B be the length n, width 2, alphabet size d permutation branching program
where, letting T = {0, ..., [d/27}, we have

2r
B(o) = @]I[oi eT).
i=1

Let § := Pr[B(Ujqy) = 1]. Furthermore, for every seed o = (x, u, *) we have
INW(0)1.2r = INW,((x, u)) = (INW,_; (x), INW,_ 1 (H[x, u])) = (x, H[x, u]).
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From our definition of H, with probability 1 — i over the random seed o the first
2" bits output are (x, y) where (x, y) is distributed uniformly over {0, 1}2'., and with
probability w the first 2" bits of output are (x, x), which has parity zero for all x.
Therefore, letting [S] be the seed space of INWy,

Pr[BANWy(Ug) =11=68-(1—pu)+0-pu=8—pn-8§<8—¢

where the final step uses that § € (1/3,2/3), and so INWy fails to e-fool B. O
We can then prove Theorem 3.1.

Proof of Theorem 3.1 Applying Lemma 3.2, every family INW(d, A1, ..., A¢) that e-
fools length n, width 2, alphabet size d permutation branching programs has 1; < 3¢
for all i, so we obtain s;nw(d, A1, ..., Ag) > sinw(d, 3¢, ..., 3¢). Now fix a family
of graphs H = (Hy, ..., Hy) satisfying this constraint, and let d; = deg(H;) and
pi = ]_[/S. d;. Lett = [loglog(1/¢)] and note t < £ by assumption on €. We show
that log(p;) > Q2 (log(1/¢)) by considering two cases:

e If there is some i € [¢] such that d; > 2/82, then clearly log(p;) > log(d;) >
Q(log(1/¢)).

e Otherwise, by Proposition 2.6, wehave d; > (p;_1+1)/2foreveryi € {1,...,1—
1}. Therefore,

pi =pi-1-di > = -pi—1-(pi-1+ 1.

R =

Since pg = dyp > 2, the inequality above implies p; > 3 and p» > 6, hence
log(p2) > 2 = 2% + 1. In subsequent steps, the inequality above implies p; >
%piz_l and hence log(p;) > 2log(pi—1) — 1. Consequently, log(p;) > 20241 =
Qlog(1/e)).

Thus, for every i > t, every level contributes at least 2 (log(1/¢)) bits of seed, so we
obtain the lower bound of Q2 (log(1/¢) - (log(n) — loglog(1/¢))). O

4 Accumulation of Error

In this section, we prove the lower bounds on seed length 2 (log n - log log min{n, d})
and Q2 (log n-loglog min{n, w}) from Theorems 1.5 and 1.6, respectively. As discussed
in the introduction, in both of these lower bounds, we wish to show that that the error
(2;) demonstrated in Sect. 3 actually accumulates to give an error of e = (3, 4;),
which will imply that most of the A;’s are O(1/logn) and hence we require seed
length Q2 (log n - loglog n). For the standard notion of pseudorandomness, we will be
able to argue this when the alphabet size of the branching programs is polynomially
related to n, and for fooling in spectral norm, we will be able to argue it when the
width of the branching program is polynomially related to n.
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4.1 The INW PRG On Reversible Graphs

We will analyze the distribution of the output of the INW PRG over graphs, taking the
transition function of the branching program to equal that of the graph. We recall the
connection between consistently labeled graphs and permutation branching programs.

Definition 4.1 A d-regular labeled graph G on w vertices is consistently labeled if
G[v,i] = G[v',i] implies v = v’ for all v, v’ € [w], i € [d]. Equivalently, each edge
label i € [d] defines a permutation over [w].

Remark 4.2 Given a d-regular consistently labeled graph G on w vertices and n € N,
the branching program G of length 1, width w and alphabet size d with transition
functions G (v, b) = --- = G, (v, b) = G[v, b] is a permutation branching program.

To prove Theorems 1.5 and 1.6, we introduce a graph property that will be satisfied
by the graphs we use as our distinguishing permutation branching programs. Further-
more, given such a graph we construct a family of expanders such that the INW PRG
behaves as if it is taking walks that are a constant factor shorter than truly random,
and are thus distinguishable.

Definition 4.3 A d-regular labeled graph G on w vertices is reversible if there exists
an involution 7 : [d] — [d] such that for every edge label o € [d] and vertex v € [w]
we have Gz[v, (0, m(0))] = GIGlv, 0], m(0)] = v, ie. Wg2[(o, m(0))] =1 for all
o.

We remark that this notion can be considered a directed analogue of Ta-Shma’s
notion of a “locally invertible graph” [29].
Furthermore, given an involution 7 and an edge sequence o = (o7, . .., 0y,), define

(o) &f (m(om), ..., m(o1)). Then reversibility extends to arbitrary edge sequences.

Lemma 4.4 Given a d-regular reversible graph G with involution m, for every vertex
v and edge sequence o € [d]", G*"[v, (o, T(0))] = v.

Proof This follows from induction on m. The case m = 1 is clear from the definition,
and assuming it holds for m — 1, fix arbitrary v and o € [d]". We have

G*[v, (0, 7(0))] = G" NGIGIG™ v, 01 m-1], O], T(@m)], (01 m—1)]

=G" 6" v, 01 1] T (@1 -] = v,

so the inductive step holds. O

Now given a reversible graph and a constraint set that is not too restrictive, we
can construct an INW PRG that performs in a highly structured fashion. Intuitively,
each generator output will consist of a mixture of truly random steps and steps that
are “backtracked” and thus do not contribute to mixing. These backtracked steps will
wipe out at least 3/4 of progress with high probability over the seed.
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Lemma4.5 Let G be a d-regular reversible graph and (A;)¢ a constraint where
Zle Ai = 8. Then there is a family of auxiliary graphs H = (Hy, ..., Hy) where
M(H;) < )i such that INWyy satisfies:

o oo - . . -0 —2f
o W e o INWyy is a convex combination of W, ..., Wg.
. . . —0 —=2t/4 .
o In this convex combination, the sum of coefficients on W, ..., Ws" " is at least
.99.

Our strategy is to use the fact that the graph is reversible to cause PRG outputs to
backtrack with high probability. To do so, we define a property that each level of our
PRG construction will satisfy.

Definition 4.6 Given an involution 7 : [d] — [d], a generator GEN : [S] — [d]"
is balanced with respect to w if Prf[GEN(U[s)) = v] = Pr[GEN(U|s}) = m(v)] for
every v € [d]".

We are now prepared to prove the lemma. We iteratively construct the PRG to comply
with the constraint, while backtracking as many steps as possible.

Proof of Lemma 4.5 Assume without essential loss of generality that A; is rational for
every i. Let INW : [d] — [d] be the trivial PRG that outputs its input. At each step
we maintain that INW; is balanced with respect to 7, which is clearly satisfied for
level 0. , }
GivenINW,; : [S;] — [d]zl,we show how to construct INW; 1 : [Si+1] — [d]2l+l.

For every output ¢ € [d]?, let
(512 R = INW; (1)

be the seeds that cause the generator to output . We have by assumption that |R;| =
|Rz (1| forallz. Let M, be an arbitrary bijection between R; and R (;) and define M as
the 1-regular graph on [S;] that maps v € R; to M,(v) for every v and ¢. Then define

Hiyy =X oM+ (1 — X)) s
And define INW; | using this graph. Then the INW PRG constructed with this graph
remains balanced.

Claim 4.7 INW, 1 (x, u) = (INW;(x), INW; (H;+1[x, u))) is balanced with respect
tor.

Proof Fix an arbitrary output (a, b) € [d ]21' x [d ]zi. We have

Pr[INWis (Vs ) = @ b))
=ip1 Pr [INWi(x) =a AINW; (MLx, 0) = 4]
X < [S[.]

+ (1= 2it1) Pr [(INW;(x) = a AINW;(y) = D]

)C(—U[SI.J,)M—UlSiJ

=Xt Qap+ (1 —Aig1) - Bap.
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Thus, it suffices to show oy ) = (b)), 7(a) a0d Ba,b = Br k), 7(a)-

o If either oty OF (1) 7 (a) 1S NONZero, we must have b = m(a) from the way M
was constructed. Thus, (a, b) = (a, w(a)) = (7w(b), w(a)) SO Ag,b = Az (h),7(a)-

o Let B, := Pry [INW;(Us) = a]. By the inductive hypothesis 8, = Br() and
Bb = Bxw)- Thus, Bab = BaBb = Brv)Bra) = Brb).7(a)-

m}

Finally, for every 1 < i < ¢, we have A(H;) < A; - A(M) < A; since the complete
graph falls out, so the family satisfies the constraint. We then analyze the distribution
of outputs of the PRG. Since INW is the trivial PRG we have W o INWy = Wg;.

Claim 4.8 Foralli € [€],

Wit o INWi 1 = Aiilig + (1= A1) (W o 0 INW;)2.

Proof Fixing an arbitrary vertex v in G, we compute the distribution of
G[v,INW;,1(0)] over a random seed 0 = (x,u) < Ujs,, ) of INW; ;. From our
construction of H;1, with probability A; 4 over the random seed this corresponds to
a neighbor in the graph M, so we have

INW;41(0) = (INW; (x), INW; (H;11[x, u])) = (z, 7 (1))

forsomet € [d]zi ,andso G[v, INW;;(0)] = v. Otherwise, with probability 1 —A; 41
over the random seed H;[x, u] corresponds to a neighbor in J,, so we have

INW;41(0) = (INW; (x), INW; (H11[x, u])) = (INW; (x), INW;(y))

with x, y independent and uniformly distributed over Uys,], so the result follows. O

Inductively define a sequence of integer-valued random variables Ko, ..., K, as fol-
lows.

e Ko = 1 with probability one.
e Let 0 < i < (. With probability A;, the variable K; is equal to 0, and with
probability 1 — A;, the variable K; is the sum of two independent copies of K;_.

By induction, Claim 4.8 implies that W, o INW; = Eg, [W?] for each 7. This

TR T \as vaulP I 0 2t
shows that W .,c o INWy is a convex combination over W, ..., W, and to bound

the coefficients, we must bound Pr[K; < 2’5/4]. Observe that E[Kg] = 1l and E[K;] =
(1 —x;)-2-E[K;_{] fori > 0. Therefore,

12 4
E[Ke] =20 -] —a) 2t JJeh =20 e h <2f 78,
i=1 i=1

Consequently, by Markov’s inequality, Pr[K, > 2¢/4] < 4-¢78 < 0.01. |
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4.2 Branching Programs of Large Alphabet Size

We first give the formal statement of the theorem:

Theorem 4.9 (Formal Statement of Theorem 1.10) For every n = 2andry, ..., g >
0, if INW(d, A1, ..., e) (1/20)-fools ordered permutation branching programs of
length n, width 2, and alphabet size d, then we have si;n\w(d, A1, ..., A¢) = Q(ogn -
loglog(min{n, d})).

We can now prove the key lemmas, the first being the constraint against polynomial
alphabet size permutation branching programs of width 2.

Lemma4.10 For every n = 2t (for £ > 4) and d > n and every constraint
(A1, ..., A¢) where Zle)»,- > 8, there is a family of auxiliary graphs H =
(Hy, ..., Hp) where M(H;) < A; and a length n, width 2, alphabet size d permu-
tation branching program B such that the INW generator constructed with 'H fails to
(1/20)-fool B.

Proof Let G be the d-regular graph on Z; with the following neighbor relation:

v+1 ifb=n—-1 (mod n)

Glv, b] =
v else.

Leté € (%, %] be the probability of taking a non-self-loop step.

We will work with walks of length n over this graph, equivalent to computation
on the length n, alphabet size d permutation branching program B = G as in
Remark 4.2.

It is easy to see that G is reversible (in fact with 7 the identity function), so we
apply Lemma 4.5 with G and (A1, ..., A¢) and obtain a PRG INW4, where H satisfies
the constraint.

To obtain the separation, we examine the probability that a random output of INW
ends at state O from state 0 (i.e. (Wgm o INW)o,0), compared to the equivalent
probability over truly random input (i.e. (WG(,,))O,() = (W(g))o,o)-

The probability a random walk of length n from state O in G ends at state 0 is
upper bounded by 1 minus the probability that such a walk takes exactly one non-self
loop step. Recall that Bin(m, p, t) is the probability of obtaining ¢ heads from m iid
Bernoulli(p) draws. Therefore,

(Wem)po <1-Bin(m,8,1) =1—ns (1 —8)""".
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One can show that the derivative of the right-hand side with respect to § (holding n

fixed) is nonpositive for all § < % Since § € (ﬁ, %], it follows that

1 1 n—1
(W) =1- 5 (1 - ﬂ)

] 1\ (=D/15 15
=1—-—. 11— —
2 2n
1 n—1\"5 o .
<1- 3 1— 0 (Bernoulli’s inequality)
1 1\"

(Note that we were able to apply Bernoulli’s inequality because we assumed ¢ > 4
and hence (n — 1)/15 > 1.) Intuitively, in the PRG output no backtracked section
can possibly change the parity of the state, so (Wgm o INWy)g,0 is at least the
probability that none of the non-backtracked steps (which are truly random) traverse
edges in the cycle. Formally, for all m € N we have (Wg)o,o > Bin(m, §, 0). Since
this bound is monotonically decreasing with m, we lower bound (W 5w o INW4)0,0
by Lemma 4.5:

| 99 .
(Wgm o INWHiO’O > mBln (n,6,0) + ﬁBln (n/4,38,0)

1 99
99

> — (1—1/n)"*

> 100( /n)

> .75

Therefore (W o INW o.o — (WG(”))() o > -05 and we have an (1) separation
as desired. O

We can then use this lemma to prove the main result.

Proof of Theorem 4.9 Let t = |log(min{n, d})] and fix some constraint (A, ..., Ag)
such that INW(d, 11, ..., A¢) (1/20)-fools the model.

Claim 4.11 Every block (A, ..., Ait:—1) satisfies Z;’:i_l Aj <8

Proof Note that given (A;, ..., Aj4;—1) with Z’]J;tl_l Ai > 8, Lemma 4.10 gives a
length 2! < n, width 2, alphabet size d permutation branching program B and a
family of auxiliary graphs H = (H,, ..., H;4+;—1) satisfying the constraint such that
INW fails to (1/20)-fool B, so it remains to show how to embed this into a length-n
construction.
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Note that for j € {i,...,i +t — 1}, we have |H;| = ]_[,{;ilfl dy where di_1 = d
and dj = deg(Hy). Let us define a new family of graphs (Hj, ..., H;). For j < i, let
H} = Jy.

Observe that Hi/_1 is a graph on vertex set [d]2i_2. Now we define Hi’ as follows.
The vertex space is [d]*~", which we think of as [d] x [d]* ' ~'. Let (a;_1, bi_1) €
[d] x [d].zH’1 be a vertex, and let (a;, b;) be an edge label, where a; € [d;] and
bi € [d]*'~1. Then we let

H][(ai—1,bi—1), (ai, b))l = (Hjlai—1, a;], J«[bi—1, b;]).

More generally, for j € f{i,...,i + ¢ — 1}, we define H’ as follows. Let
(@j—1,bi—1,...,a;-1,bj_1) be a vertex and let (a;,b;) be an edge label, where
ay € [di] and b € [d]1® ' =D2 foreachk € (i — 1,..., j — 1}. Then

Hil(ai—1,bi—1,...,aj-1,bj-1), (@, b))l = (a;_y, bj_y,....a;_y, b)),

_1 k]
Jil(bi—1,...,bj—1), b;]. Note that with this definition, H]/. is isoénorphic as a graph
to H; ® J,, and hence )»(H}) < A(Hj) by Proposition 2.9. Finally, for j > 1, let
H j’ = J,.
The new program B’ will ignore the final n — 2 layers. Since the first i — 1 graphs
in the family H' are Jg, J 2, ..., J 22, We modify B such that it only reads the first

where (alf_l,...,a}_l) = Hjl(ai-1,...,aj_1),a;] and (b; ...,b;._l) =

symbol of each block of length 2/~!, with identity transitions on all other symbols.
Thus, the function computed by B’ is given by

B/(O'l, ey O'n) = B(O'], O142i=1,0140i=1.05 -+, O'1+2i—1_(21_])).

Then the distribution of outputs of INW4 onsymbols 1, 142/~ . 1421712/ 1)
will be identical to that of INW4, so INW4 will fail to (1/20)-fool the alphabet size
d, length n modified program. O

Dividing [£] into at most £/ +1 < 2/t blocks of size at most #, we have by Claim4.11
that Zle A < 16€/t, so at least £/2 of the constraints satisfy A; < 32/z. Let I be
the indices such that this occurs. Then let

32/t iel
Vi =
1 else.

Thensinw(d, A1, ..., Ag) = sinw(d, 1, - .., ¥e) = Qog(?)-(logn—O(loglogn)))
= Q(ogn - loglog(min(n, d)) via Lemma 2.7. O
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4.3 Fooling in Spectral Norm

We now formally state our lower bound for fooling programs in spectral norm (which
we precisely define in Definition 4.14).

Theorem 4.12 (Formal Statement of Theorem 1.11) For everyn = 2andry, ..., g >
0, if INW(Q2, A1,...,A ) 1/3-fools ordered permutation branching programs of
length n, width w, and alphabet size 2 with respect to spectral norm, then
SINW (2, A1, ..., Ag) = Qogn - loglog(min{n, w})).

To prove this, we introduce notation for distributions over a branching program, using
the notation of Reingold et al. [30].

Definition 4.13 Given a length n, width w, alphabet size d branching program B with
transition functions By, ..., B,,fort € [n]letB; : [d] — {0, 1}"*™ be defined where
B;[s];,; = 1if B;(i,s) = j and 0 otherwise. For 0 <i < j < n let B; ; be defined
asB; jlsiy1...5;]1 =Biy1lsit1]---Bj[s;], and let B = Bg_,. For a function GEN :
[S] — [d]", define the distribution of B on GEN as B o GEN = E[B[GEN(Us)]].
Furthermore, we define B o Ujgpn = E[B[U[g}2]].

Note that this definition exactly matches Definition 2.2 when the branching program
is equal to G™ for a consistently labeled graph G (with B, = G for all steps 7 as in
Remark 4.2). We can then define fooling with respect to a norm.

Definition 4.14 Let || - || be a norm on w X w real matrices and 3 a set of ordered
branching programs of length n, width w, and alphabet size d. We say a function
GEN : {0, 1}® — [d]" e-fools B with respect to || - || if for every B € B we have

|B o GEN — B o Upgy

<e.

To use this definition, we need to select a matrix norm. We define several different
norms on matrices A € R*"*". Note that throughout the paper, all vectors are row
vectors. Some examples include:

o [|All2 = max,ecrw_{o} [[xAll2/lx]l2. We call this the spectral norm, and it is what
we obtain bounds against.

e |[A]l; = maxyerw—jo} |X¥Al1/llx]l1 = max; [|A; .|} where A; . is the ith row of
A.

o [|Allmax = max;, j |Ai,j|-

We remark that fooling in £1 norm is equivalent (up to a factor of 2) to the conventional
notion of fooling programs with an arbitrary set of accept vertices, and fooling in max-
norm is equivalent to fooling programs with a single accept vertex. We work with £
norm in Appendix B, whereas here we obtain bounds against spectral norm.

We now prove the main lemma for spectral fooling of polynomial width permutation
branching programs over a binary alphabet.

Lemma 4.15 Foreveryn = 2% and every constraint (A1, ..., Ay) where Zle Ai > 8,
there is a family of auxiliary graphs H = (Hy, ..., Hy) where A(H;) < X;j and a
length n, width O (\/n), alphabet size 2 permutation branching program B such that
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the INW generator constructed with 'H fails to (1/3)-fool B with respect to spectral
norm.

Proof Our distinguishing permutation branching program is again a consistently
labeled graph, with transitions equal at every layer, as in Remark 4.2. Forevery m € N,
let C,, be the 2-regular consistently labeled undirected m-cycle and let v> be a nor-
malized eigenvector of W, with second largest eigenvalue. For an m x m matrix A,

let 22(A) € v,AvT, and recall that 25(We,) = cos(2m/m) = 1 — @(1/m?) (see

e.g. [27]). We will apply this definition to matrices A € span{I, Wcm , Wsz RN 0%
is an eigenvector of all these matrices, but it is not always the second eigenvector.
Nonetheless, it is convenient for us to measure expansion with respect to v,. Note that
when v; is an eigenvector of A, 1, (A¥) = A (A)X for all k.

Recall that AZ(WZm) = 2(We,)" = (1 — ©(1/m?))". Now given n, choose
w = O (4/n) to be some integer such that random walks of length n are 1/3 mixed with
respect to Ay, but walks of length n/2 are not. Formally let w = argmin,,(1/9 <
M (We ) < 1/3).

We then observe that G = C,, is reversible, so we apply Lemma 4.5 with G and
(A1, ..., A¢) and obtain a PRG INW+4, where H satisfies the constraint.

Intuitively, “wasting” a constant fraction of steps by not making progress on mix-
ing is enough to distinguish INW output from truly random in spectral norm. Since

Az(WaCm) < AZ(W?,‘)) for all @ > b, we again obtain a lower bound by Lemma 4.5:

—_— 1 —n 9 . —n/4 1 — 9. — 4
Ao(Wen 0 INWg) > — a0 (W W = — 2 We )"+ — (W, )4,
2(Wen o H) = 100 2(We, )+ 100 2We ) 100 2We,)" + 100 2W¢,,)

But then

HWC:L o INWH — VVCZY o U{O,]}”]
> v3(Wey o INWy — We, vy
= 2 (Wey o INWyg) — 2o(We,)

B

1 — 99 — _
> — 2 (We )"+ — 2 (We )4 — 2 (We, )"
Z 100 2(We,)" + 100 2(We,) 2(W¢,)

99
> — -  min (xl/4 —x) > 42,
100  xe[1/9,1/3)

where the final line follows from a numerical calculation, so we have the desired
separation. O

We can then use this lemma to prove Theorem 4.12.

Proof of Theorem 4.12 Let t+ = |log(min{n, w})| and fix an arbitrary constraint
(A1, ..., Ag)suchthat INW(d, A1, ..., A¢) (1/3)-fools the model with respect to spec-
tral norm.

Claim 4.16 Every block (A, ..., Ai1:—1) satisfies Zij':i_l rj <8
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The proof of the claim is essentially identical to that of Claim 4.11. Let us now use the
claim to prove the theorem. Dividing [£] into at most £/¢ + 1 < 2¢/t blocks of size at
most ¢, we have by the claim that Zle Ai < 16£/t, so at least £/2 of the constraints
satisfy A; < 32/t. Let I be the indices such that this occurs. Then let

32/t iel
Vi =
1 else.

Thensinw(d, A1, ..., Ag) = sinw(d, 1, - - .5 Ye) = Qog(?)-(logn—O(loglogn)))
= Q(logn - loglog(min{n, w}) via Lemma 2.7. O

5 Dependence on Width

In this section, we prove Theorem 1.8, establishing a lower bound on the seed length
as a function of the width of the permutation branching program. Since we prove the
INW generator does not even hit the distinguisher, we recall the formal definition of
a hitting set generator.

Definition 5.1 Let F be a class of functions f : [d]" — {0, 1}. An e-hitting set
generator (¢-HSG) for F is a function GEN : {0, 1} — [d]" such that for every
f € F where Ew—Umn [f(x)] > e,thereexists y € {0, 1}* suchthat f(GEN(y)) = 1.

We are now prepared to give the formal statement.

Theorem 5.2 (Formal Statement of Theorem 1.8) For everyd andn = 2¢ andw < 2"/?
and Ay, ..., ke = 0, ifINW(d, A1, ..., Ag) isa (1/2)-hitting set generator for ordered
permutation branching programs (with arbitrary sets of accept vertices) of length n,
width w, and alphabet size d, then si;nw(d, A1, ..., ) = Q(log(w) - (log(n) —
loglog(w)).

The proof proceeds by showing that any INW PRG must constrain almost all spectral
gaps to be at most 1/w*(. To do this, we establish that if there is a constraint where
Ar > 1/w® for some ¢ > 0, there is a graph E on ./w vertices and a permutation
branching program that perfectly distinguishes between a pair of edges in £ and
random vertices. To enable this to work for all levels of the PRG, we tensor £ with a
large complete graph. We now state the main lemma.

Lemma 5.3 There exists ¢ > 0 and wo € N such that for all d € N and w > wy,
for all r > 1 4+ loglogw, for every constraint (A1, ..., \;) such that A, > 1/w€,
there is a family of auxiliary graphs H = (Hi, ..., Hy) where A(H;) < A; and an
alphabet size d, width w?, length 2" permutation branching program B such that
Pr[B(Upgpr) =11 = 1 —w™ WD and INW, fails to hit B.

To prove this, we recall the existence of expanders that are not too dense.

Proposition 5.4 (see e.g. [31]) There are global constants ¢ > 0 and vo € N such

that for every S > vy, there is an undirected regular graph Z on S vertices such that
deg(Z) < ~/S and M(Z) < 1/S°.
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We furthermore prove that we can approximately tensor these graphs, in effect creating
block expanders on an arbitrary number of vertices:

Proposition 5.5 There are global constants ¢ > 0 and vy € N such that for every
d > b > v, there is a regular graph Z = (V, E) on d vertices with the following
properties.

e There is a partition p : V — [b] such that V; == |p~'(i)| € {ld/b], [d/b1} for
every i.

e There is a regular graph N on [b] with degree r < /b such that if (u,v) € E,
then (p(u), p(v)) € E(N) or p(u) = p(v).

e AM(Z) < 1/b°+b/d.

Proof For convenience, we will use positive rational edge weights in our definition of
the graph Z. Such a graph can be converted into an unweighted graph by duplicating
edges, similar to Definition 3.3.

Let N be the graph on b vertices of Proposition 5.4. Let a := |d/b]. To define Z,
we begin by blowing up each vertex v; in N to a cloud V; of size either @ or a + 1,
such that there are d vertices in total. Then, for every undirected edge {v;, v;}in N:

o Add a complete bipartite graph between V; and V; to Z in which each edge has
weight 1.

e If |V;| = a, then add a clique to V;, including self loops, in which each edge has
weight 1/]V;|, thus increasing the weighted degree of each vertex in V; by one.

e Similarly, if |V;| = a, then add a clique to V;, including self loops, in which each
edge has weight 1/|V;].

By construction, every vertex in Z has weighted degree precisely deg(N) - (a + 1),
so Z is regular. Furthermore, at each vertex in Z, the weight of the incident “clique
edges” is at mostdeg(N), i.e.,a (ulﬁ)-fraction of the total weight of all incident edges.

Now we show that Z has the claimed expansion. Let W € R?*4 be the random
walk matrix of Z and let W € RP(@+1xb@+D) pe the random walk matrix of the tensor
product N ® J,41. Let P € Rb@+Dxd pe the “truncation matrix,” i.e., xP consists
of the first d entries of x, and let L € R?*2@+D pe the “padding matrix,” i.e., xLL
consists of x followed by b(a + 1) — d zeroes. Then we can write

W =LWP + A,

where the “error matrix” A € R?*4 is given by

1
(xA)i =wpi) T Xj,
BTG Z .-
jep= (p()
where w, ;) € [0, alﬁ] is the fraction of “clique edges” among all the edges incident to

each vertex in the cloud V,(;). Consequently, for any test vector x € R? with [|x||» = 1
and x L 1, we have
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IxWii2 < [XLWP|2 + [[xAll2

2
. 1
=AN)+ Zw?'|P_1(J)|' =IO o
\ Jelbl Py iep~1(j)
. 1
< AMN) + Zwi'lp_l(J)l'm' Z x}
Jelbl Py iep~1(j)
1
<AN)+ ——.
< MM a+1

m}

We note that counterintutively, our lower bound relies on the existence of expanders
with an upper bound on their degree.

Proofof Lemma 5.3 Letl = |log,(w)]. We break into cases depending on if/ is strictly
greater than O (equivalently, if d < w ord > w).

1. Case 1: I > 0. Here, let Z be the graph on S := d! e [/w, w] vertices with
deg(Z2) < VSand M(Z) < 1/w® obtained from Proposition 5.4.

2. Case 2: I = 0. Let Z be the d-vertex graph of Proposition 5.5 with b = [w!/8],
and lt?t N be the associated block graph. Observe that L(Z) < 1/ w8+ 1 / w/ <
1/we.

Now, in both cases let the graph family be H = (Jy, ..., Jx, Z ® J,) and observe that
it satisfies the expansion constraint by Proposition 2.9. Next, we show that both cases
can be distinguished from uniform output by a PRG, in both cases by checking if two
blocks of symbols correspond to an edge in H,.

1. Case 1: Let B be the permutation branching program that reads the symbols in
coordinates [1, [JU[2" 1 +1,2"~! 4], and on reading (x, y), accepts if and only
if (x,y) ¢ E(Z). This program has width % < w?. We have by construction
that INW+7; does not hit B. Moreover, the probability that two random vertices in
Z are not connected by an edge is at least (S — +/S)/S > 1 — w~ /4, and thus
Pr[B(U[d]zr) =1]>1- w174, so we obtain the desired result.

2. Case 2: Recall that Vi, ..., Vj is the partition of [d] induced by the vertices in Z,
and note that b < w?. Let B be the permutation branching program that reads the
symbols at coordinates 1 and 2"~! + 1, and on reading (x, y), accepts if and only
if

p(x) # p(y) and (p(x), p(y)) ¢ E(N).

Note that this can be implemented by a permutation branching program of width
b* < w, as the program only needs b distinct vertices to remember the necessary
information about each symbol. We have by construction that INW4,; does not hit
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B.

We claim that on a random input (x, y) < Upg) x Ulg), the random variable
(p(x), p(»)) is e-close to uniform over [b] x [b], where ¢ = b - (b/d) < w34,
To see this, note that for every i € [b], Pr[p(x) =il e (1/b—1/d,1/b+ 1/d)
and thus for every i, j € [b],

Prip(x) =i A p(y) = jl € (1/b> —2/bd, 1/b* + 3/bd).

Thus, the total variation distance from uniform over (i, j) is at most b* @3 /bd) =
3b/d < 3w /8.
Thus,

Pr[B(Upr) =11=  Pr  [(p(x), p(y)) € E(N) A p(x) # p(y)]
(X-,)’)<—Ud]2

[
>  Pr [(u,v) ¢ E(N)Au#v]—3w /8

T )< Upyp

>1-— x/Z/b — w16 347778,

Thus, in both cases we obtain that the generator fails to hit the program, and the
program has expectation 1 — w =%, O

We now apply this lemma to prove the theorem.

Proof of Theorem 5.2 Let INW(d, A1, ..., A¢) be a (1/2)-HSG for width w, length
n branching programs. Let 1 = |loglog(y/w)] and note ¢+ < £ by assumption on
w. Now fix a family of graphs H = (Hj, ..., Hy) satisfying this constraint and let
d; = deg(H;) and p; =[], d;.

Claim 5.6 Fori < t, we have log(p;) = Q(2).

Proof Let iy be a constant, large enough that 22071 g larger than the constant wg
in Lemma 5.3, and large enough that for all w > 221071, the quantity 1 — w2
that appears in Lemma 5.3 is bigger than 1/2. We will show by induction that for all
ip <1 <t,wehave

log(pi) > -2 +1, (3)

where o € (0, 1) is a sufficiently small positive constant.

Letip < i < t. By Lemma 5.3 with w = 22'_1, we have \; < 2-¢2" for some
positive constant c. By Proposition 2.6, we have d; > min{2/)»i2, (pi-1+1)/2}. We
split into two cases depending on which term of the min is smaller.

First, suppose d; > 2/)»?. Then log(p;) > log(d;) > ¢ -2/ + 1, so provided we
choose o < ¢, (3) is satisfied. Now, suppose instead that d; > (p;—; + 1)/2. If
i > ip+ 1, then log(p;) > 2log(pi—1) — 1, so we are done by induction. Finally,
suppose i = ip + 1 (the base case). Trivially, p,_; > 2, so d; > 3/2, which implies
d; > 2 since d; is an integer, and therefore p; = p;_1 -d; > 4. Therefore, by choosing
o < 27 we ensure that (3) holds in this case as well. O
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Now, forevery i > ¢, we can apply Lemma 5.3 again (assuming w is sufficiently large)
to get A; < 1/wC. Consequently, by Proposition 2.6, we have d; > min{2w?¢, p;/2}
and hence log(d;) = Q(og(w)). Thus, we obtain a seed length lower bound of
Q(log(w)(log(n) — loglog(w))). O

A Appendix A General Branching Programs

In this appendix, we show that Theorem 5.2 can be strengthened for general (e.g. non-
regular) ordered branching programs, in the sense that the hitting parameter becomes
exponentially close to 1. Moreover, we recover the result of Brody and Verbin that
spectral analyses of the INW generator require seed length 2 (log? 1) even for width-3
BPs.

Theorem A.1 For every n = 2¢ and Ay ...y he = 0, there is a parameter ¢ = 1 —
2_9(”1/4) suchthat if INW (2, A1, ..., Ag) isan e-HSG against ordered branching pro-
grams of length n, width 3, and alphabet size 2, then s;jnw (2, A1, ..., Ag) = Q2 (log2 n).

To do this, we show that width 3 ordered branching programs can distinguish graphs
with a polynomially small spectral gap.

LemmaA.2 There exists ng, ¢ > 0 such that for all n = 2¢ > nq, for every constraint
(M1, ..., A¢) where there exists £/4 > r > loglogn such that A, > 1/n€, there is a
Sfamily of auxiliary graphs H = (Hy, . .., Hy) where A\(H;) < A; and a length n, width
3, alphabet size 2 branching program B such that Pr[B(U,1j») =11 > 1 — 2!
and INWyy fails to hit B.

The proof is similar to the (sketched) proof in [14] that ordered branching programs
can distinguish coins slightly biased towards 1, and is essentially the argument of
Brody and Verbin [9].

Proof Let 2° = S be the power of two satisfying n!/3 < § < n!/4. Let E be the
graph on S vertices with deg(E) = D where D < +/S and A(E) < 1/n° obtained
from Proposition 5.4, where we assume S > vg by our choice of ng. Then for some
K = 2F > S to be chosen later define

Hr = E®]K/S

Given v € [K] and (i, j) € [D] x [K/S], the neighbor relation of H, decomposes
as:

H,[v, (i, )] = (Elvs, il, JIV', j)

where v, denotes the s bit prefix of v and v’ the k — s bit suffix. Choose K = 22r_]
and let the family be H = (Ja, ..., J22r71 , Hy, Jy, ..., Jy). Verifying that H satisfies
the constraint is direct.

Then choose some (x, y) € [S] x [S] such that (x, y) ¢ E and create the length
n, width 3 branching program B computing the function f : {0, 1}* — {0, 1} defined
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as

n/2" -1

f@)="\/ (Orit1 2its =X AOwithsl 2ithis =)
i=0

Since (x, y) is chosen such that it will never be output by INW+, in the bits of output
corresponding to neighbor relations in E, and these bits are precisely those checked
by B, we have that INWy, fails to hit B. However, a truly random input satisfies

each clause with probability 272 > 2710200/2 and since there are n/2" > n3/* such
clauses, the accept probability is at least

PHB(Uoap) = 11=1— (1= 1/yn)"" > 1 —exp(—n'/*),
so we obtain a super-constant HSG separation. O

We can then prove the theorem:

Proof of Theorem A.1 Applying Lemma A.2, every family INW(2, A, ..., A¢) that
1 — exp(—n'/*)-fools ordered branching programs of length n, width 3 and alpha-
bet size 2 must have A; < l/nQ(]) for all i € [loglogn, ..., £/4], so we obtain
SINW(2, A1, ..., Ag) = Q(log? n) via Lemma 2.7. O

B Appendix B Existence of Optimal INW Generators

Despite spectral analysis of INW PRGs already reaching lower bounds in multiple
cases, and clearly being incapable of giving a full derandomization of space bounded
computation, there exists an INW PRG with seed length matching that of the proba-
bilistic method, for any class of functions:

TheoremB.1 Letn = 2% € N, letd € N, and let F be a family of functions f: [d]" —
{0, 1}. There is a family of graphs H = (Hy, ..., Hy) such that INWy e-fools F, and
INW 1y has seed length O(loglog | F| + log(n/¢e) + loglog(d)).

In particular, there is an instantiation of the INW PRG with optimal seed length for
ordered branching programs:

Corollary B.2 For all d, w, n, ¢, there is a family of graphs H such that INWy e-
fools ordered branching programs of length n, width w and alphabet size d, and this
generator has seed length O (log(nwd/¢)).

The proof of Corollary B.2 is slightly more involved than the standard proof that a
random function is a good PRG with high probability, but it uses essentially the same
idea. For the first O (loglog(nwd/¢)) levels, we use complete graphs to construct the
generator, i.e., the generator is the trivial “identity PRG” on O (log(nwd/¢)) bits. At
higher levels, we use a randomly-chosen one-outregular digraph, and argue that with
high probability the INW generator constructed with this graph is a good approxi-
mation of the concatenation of two lower-level generators over every function in the
family.
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RemarkB.3 A digraph H of degree 1 on 2° vertices can also be viewed as a hash
function h: {0, 1}¥ — {0, 1}*. Thus, our PRG has the form

G(x) = (x, h1(x), ha(x), hi(ha(x)), h3(x), hi(h3(x)), ...),

where |x| = O(log(nwd/e)) and each hash function &; is “hard-coded” into the
PRG. This PRG G is identical to Nisan’s PRG [8], except that in Nisan’s (explicit)
construction, the hash functions £; are selected pairwise-independently by the PRG
“at runtime,” requiring a longer seed.

Besides the similarity between the two constructions, there are also similarities
between our analysis and Nisan’s analysis [8]. Like us, Nisan shows that after fixing
several hash functions, a random choice for the next hash function is “good” with high
probability. However, Nisan only needs to ensure that the hash function is “good” for
one branching program, whereas we must establish “goodness” for all functions in F
simultaneously.

We first prove a lemma on the existence of good graphs for all sufficiently high
levels of the INW generator. We view the previous levels of the PRG simply as a
fixed function with sufficient seed length, and use the probabilistic method to find a
one-outregular digraph such that the INW generator constructed with this graph (and
the fixed function as a base) approximates the concatenation of two copies of the fixed
function.

LemmaB.4 Letd, m € N, lete > 0, let F be a family of functions f: [d]*™ — {0, 1},
and let G: [S] — [d]™ where S > % - £72 . In(2|F|). There exists a 1-outregular
digraph H on S vertices such that if we define G'(x) = (G(x), G(H[x, 0])) and
(G, G)(x,y) = (G(x), G(»)), then for every f € F, we have

foG = fol(G,G)| =e,

where the notation g denotes the expected value of the function g under a uniform
random input.

Proof Sample H uniformly at random from all 1-outregular graphs on S vertices, i.e.,
for each vertex s € [S] we include an edge (s, z) where z < Ug).
Now fix an arbitrary f € Fand leta := f o (G, G). Let

Xy = f(G(s), G(H[s,0])

and thus Eg[X] = f o G.
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Furthermore, we have that X € {0, 1}, and the X; are independent for all s. Using
that the neighbor of every vertex s is distributed uniformly over the set of vertices:

E[E[X,]] =E [E[XS]}

HLs s | H

E[f(G(s), GWUspI
E f(G®), G(s"))

70(G,G) =a.

We now apply the probabilistic method to show there exists such a good H. By
Hoeffding’s inequality:

Pr[
H

Note that the failure probability is exponentially small in S, i.e. the number of seeds
at the prior level, despite H having degree 1. Then for a random H, the probability
Es[X,] fails to e-approximate « for any f € F is bounded by 2|F|exp(—2&25).
Using the assumption S > % -&72 . In(2|F|), we obtain that the failure probability
is strictly below 1, so there is a graph H that is good for every f € F, and letting

G'(x) = (G(x), G(H[x, 0])) completes the proof. O

E[X,] — oz‘ > 5] < 2exp(—2¢25).
s

We can then use this to prove the main theorem.

Proof of Theorem B.1 Let F; be the set of restrictions of functions in F to i (arbitrary)
input variables. Observe that |F;| < |F|(d + 1)", as every variable can be either
assigned a value or left unrestricted. Let L = % ce72. In(2|F| - (d + 1)) be the
corresponding bound from Lemma B 4.

Let r be the smallest integer such that 22" > L.Fork e {1,...,r}let Hy = k=1 -
Now let r < k < ¢. By induction, assume that we have constructed Hy, ..., Hi.
Let Hy = (Hy,..., Hy) and Gy = INWy, . If k < £, then let Hiy; be the 1-
outregular graph obtained from Lemma B.4 with 7 = F5«+1 and G = G. We prove
by induction that G (¢ - (2% — 1))-fools Fok. For all k < r this is trivial. Now fix an
arbitrary f € For+1. Note that

E[f(Gr+1(UN] = E[f (GG (UN] + & (Lemma B.4)
< ELf W IGRUN] + &+ 25 = 1)
<E[f]l+e+2e- 2" —1)
where the second and third lines use the inductive hypothesis. A similar argument holds
for the opposite direction, so we obtain the desired result. Then by taking ¢ <« ¢/n,
we conclude.

Moreover, the seed length of INW3; = Gyislog(L) = O (loglog(|F|)+log(n/e)+
loglog(d)). O
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C Appendix C Seed Length Lower Bound

For completeness, we include a proof of the seed length lower bound for general
pseudorandom generators (not necessarily following the INW template) against per-
mutation branching programs.

Proposition C.1 Given n,d € Nand ¢ > 0, let G : {0, 1} — [d]* be an e-PRG
for permutation branching programs of length n, width 2, and alphabet size d. Then
s = Q(log(nd/e)), provided 27" < & < 1/3. Furthermore, the same lower bound
holds if G is an e-PRG for permutation branching programs with respect to spectral
norm.

Proof First, note that for any matrix M € R¥*", we have |M|max < |M]|2. From
this, we obtain that lower bounds against -fooling a program with a single accept
vertex imply the equivalent lower bounds against §-fooling in spectral norm, since

§<(BoG-Bol,), , =<|[BoG-BoU,

Vo,V ”2 :

For the bounds against n and ¢, let v : [d] — {0, 1} be an approximately balanced
function, i.e., E,[v(o)] € [1/3,2/3].

1. First, we show thats > log(d).If s < log(d)— 1, there are at most d /2 distinct first
symbols output by G. Then there exists a width-2 permutation branching program
B with a single accept vertex that accepts input o if and only if o is not output
by G. This program satisfies Pr[B(Upgp) = 11 > 1/2but Pr[B(G(Us)) =11 =0
by construction, a contradiction.

2. Next, we show thats > Q(log(1/¢)).Forx € [d]* anda € {0, 1}" letEQ; (x,a) =
I[v(x;) = a;i]. Setl = |log(1/¢)/1log(3)] — 1. For every x € {0, 1}’, we have that

1
2a(x) = P EQi(x, a)
i=1

is computable by an alphabet size d, width 2 permutation branching program, and
hence G fools g, with error €. By the well known AND trick [19], G thus fools

1
fa¥) = \ EQi(x, a)

i=1

forevery a up toerror 2e. ASE[ f, (Ujqpr)] > 37! > 2¢, G hits every such program.
But there are 2/ = (1/¢)*() such programs and each string output by G can hit
at most one, so we conclude.

3. Finally, we show that s > log n. For this step, we recall the proof of [18]:
If 2° < n — 1, there is some nonzero vector z € IB‘S such that for every x,

>z v(G@)) =0 (mod 2).

i=1
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The function B(x) = » !,z - v(x;) mod 2 can be computed by a width-2
alphabet size-d permutation branching program with a single accept vertex, and
Pr[B(Upgyp) = 11 > 1/3, but Pr[B(G(Uy)) = 1] = 0, a contradiction.

]

Finally, we note that by allowing an arbitrary set of accept vertices, we also obtain
a lower bound in terms of width:

Proposition C.2 Given n,w,d € N, if G : {0, 1} — [d]" is a (1/3)-PRG for per-
mutation branching programs of width w with an arbitrary set of accept vertices then
s = Qogw), provided w < d".

Proof If w < d, then we are done by the prior €2 (logd) lower bound. Now assume
w >d,andlet/ = |log,;(w)] > 1. Our assumption w < d" implies that/ < n, so we
can define

S={(G)1,....Gx)) € [d]' : x € {0, 1}¥}.

Assume for the sake of contradiction that s < /log(d) — 1. Then |§] < 2% < d! /2.
Let B: [d]" — {0, 1} be the function

B(o)=1 < (01,...,01) ¢ S.

The function B can be computed by a width w, length n, alphabet size d permutation
branching program: the program stores the first / symbols of its input in its state, and
then in the final layer, sequences in S are marked as rejecting and sequences outside S
are marked as accepting. (Here we are using d! < w.) However, Pr[B(Upyp) = 1] >
1/2 and Pr[B(G (Uy)) = 1] = 0, a contradiction. Therefore,

1 1
s >llogd — 1> z-logd(w)-logd—lz zlogw—l.
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